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ABSTRACT
A method of processing data from a set of partial Rogowski loops is developed to study
the MHD equilibrium in Alcator C. Time dependent poloidal fields in the vicinity
of the plasma are calculated from measured currents, with field penetration effects
being accounted for. Fields from eddy currents induced by the plasma in the tokamak
structure are estimated as well. Each of the set of twelve B9 measurements can then be
separated into a component from the plasma current and a component from currents
external to the pickup loops. Harmonic solutions to Maxwell's equations in toroidal
coordinates are fit to these measurements in order to infer the fields everywhere in
the vacuum region surrounding the plasma. Using this diagnostic, plasma current,
position, shape, and the Shafranov term A = O, + Ii/2 - 1 may be computed, and
systematic studies of these plasma parameters are undertaken for Alcator C plasmas.
Thesis Supervisor: Dr. Ronald R. Parker
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Chapter 1. Introduction
Today's designs for tokamak fusion reactors all rely on noncircular cross-
sections for the plasma. Control of the magnetics in such tokamaks is essential to
developing the highest energy densities for given machine parameters. Stable opera-
tion of the plasma at reactor levels will require precise knowlege and control of the
plasma boundary, and hence tools to perform the measurements of that boundary.
Such a diagnostic measurement technique is developed in this thesis, and applied to
plasmas in the Alcator C tokamak.
Knowlege of the field structure surrounding the plasma is important in charac-
terizing the plasma MHD equilibrium even in conventional tokamaks. For instance,
the position and shape of the plasma surface may be deduced from measurements of
this field structure. These geometrical quantities are important in considerations of
limiter destruction, impurity generation, coupling of RF energy to the plasma and
certain poloidally asymmetric phenomena known as "marfes"1 . In Alcator, the pos-
sibilities that the plasma was poorly centered or was grossly noncircular2 were in fact
the initial motivation for the work performed in this thesis. As presented herein, how-
ever, the plasma is found to be reasonably well-centered in the vacuum chamber, with
deviations of the shape from circular being quite small. In fact, the non-circularity
that is detected is sufficiently small to allow its elimination as the primary cause of
Marfes3 .
Once the plasma surface is known, plasma current can be determined by cal-
culating the zeroth moment of the field around that surface, uoI, = f B - dl. Com-
putation of the first cosine moment of the field on the plasma surface results in the
Shafranov term4 A = O, + 4/2 - 1. The first component of this term is the poloidal
beta, 3, = 2pAo(nmT)/B 2 , and is a measure of the kinetic energy stored in the plasma.
The second component, ti/2, is the plasma internal inductance normalized to jioR,
and contains information about the current profile.
For RF experiments involved with heating the plasma, non-magnetic measure-
ments of kinetic energy are either only available at a few times during the discharge
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(Thompson scattering), or require averaging over a number of shots (soft X-ray pulse
height analysis). If conditions are such that the current profile may be assumed to
vary little compared to the change in p,, measurement of their sum provides useful
information about the time behavior of the latter. Similarly, knowlege of the time
behavior of the total kinetic energy of the plasma is important following injection of
frozen hydrogen pellets during plasma fueling experiments (although in this case a
time-resolved measure of the plasma temperature is available from electron cyclotron
emission).
The measurement of the internal inductance term 4i/2 is the only direct infor-
mation about the plasma current profile that is normally available. Even though this
is an integral quantity over the plasma cross section, 4/2 is useful for both comput-
ing ohmic input power to the plasma and determining time behavior of the current
profile during RF current drive experiments. This information can be obtained in
cases where changes in 3, can be inferred independently.
In addition to the above, work is also being done on a linear second order solution
to the Grad-Shafranov equations. The second harmonic of the field at the plasma may
ultimately be used to determine a second order quantity related to plasma pressure
and current profiles analogous to the first-order A.
1.1. Overview of the Experimental Methodology
A method of processing data from a set of partial Rogowski loops is developed
to study the MHD equilibrium in Alcator C. Since only Be loops are available (with
no similar measurements of B,), each field signal must be separated into a component
from the plasma current and a component from currents external to the pickup loops.
Measured currents are used to calculate these external time dependent poloidal fields
in the vicinity of the plasma, with field penetration effects accounted for. Fields
from eddy currents induced by the plasma in the tokamak structure are estimated
as well. Harmonic solutions to Maxwell's equations in toroidal coordinates are then
fit to these measurements; harmonics with periodicity of up to six may be used to
16
express the fields, though typically the series is apodized to include only four. Once
the fields at the coil form are known, their spatial variation to the surface of the
plasma is uniquely determined by Maxwell's equations.
Using this diagnostic, plasma current, position, shape, and the Shafranov term
A = o, + ti/2 - 1 may be determined. In particular, the plasma surface may be
treated as the closed flux surface which intercepts the limiter at exactly one point.
Harmonics in the deviation of this surface from circular may be computed; the Oth,
2d and 3d of these correspond to plasma minor radius, ellipticity and triangularity.
For this analysis, the plasma position was determined by the requirement that the
amplitude of the first shape harmonic be zero. The lowest several harmonics of the
measured field at the plasma surface may also be computed; these correspond to the
plasma current, Shafranov term A = o, + ti/2 - 1, and the second order solution to
the Grad-Shafranov equation mentioned above.
1.2. Overview of the Thesis
Solutions to Maxwell's equations in toroidal coordinates are presented in Chap-
ter 2, together with the methodology of fitting a set of field harmonics to measured
data. (The toroidal coordinate system is described in Appendix I.) Details related
to the derivations in Chapter 2 are given in Appendix II, with a number of useful
identities included in Appendix III. A set of approximations to the first seven so-
lutions for the "radial" dependence in Maxwell's equations, the Legendre functions
P.' 1 2 (coshI ) and Q'_ 1 2 (cosh p) for n = 0 - 6, are presented in Appendix IV.
A number of researchers have discussed the application of toroidal harmonics to
determining the field structure around a tokamak plasmas' 7 . In general, however, this
method has been neglected in favor of using a set of current filaments to generate
an approximation to the field 8,9. The relation between the filaments method and
the toroidal harmonics approach used for reduction of Alcator C data is discussed
in Chapter 3. In particular, the two methods are shown to be equivalent for the
appropriate choices of coordinate system and filament locations.
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Chapters 4 and 5 describe the flow of the data, from its acquisition through
processing by a series of codes to the final computation of the experimental results.
Chapter 4 is concerned with details of the experimental arrangement, data acquisi-
tion, and the measurement itself. Operation of the Alcator C tokamak is also briefly
described. The last section of the chapter discusses problems that arise in comput-
ing magnetic fields from currents in the poloidal field windings, along with assorted
problems in the electronics and the pickup loop measurement. Chapter 5 contains
descriptions of the method of analysis of the raw data acquired from the loops and
associated electronics. Since the data analysis is embodied in a set of computer codes
used to process the data, the codes and analysis are described together. Details of
the attempts to correct for measurement problems described in Chapter 4 are also
presented in this chapter.
Results of the magnetic measurements are presented in Chapter 6, with attention
to plasma current, shape, f,/2 +,3,, and 2d harmonic quantities as determined from
the pickup loop measurement. Systematic studies of these plasma parameters are
undertaken for ohmically heated Alcator C plasmas and to a lesser degree for plasmas
with RF current drive. Examples of measurements for plasmas with heating by
electron landau damping of lower hybrid waves, and for plasmas fueled by injection
of frozen hydrogen pellets are also presented.
Measurements were made of fluctuations in the magnetic data associated with
sawteeth oscillations in the plasma. In these measurements, wherein correlations are
performed over 2000 sawteeth events, it was found that the magnetic fluctuations
associated with the time evolution of a sawtooth correspond to fluctuations in both
plasma kinetic energy and plasma inductive energy on the order of several parts in
104; this is about an order of magnitude smaller than would be predicted by the well-
accepted Kadomstev model of the destruction of magnetic energy during a sawtooth
crash. Results of this analysis are presented in Appendix V. Details of simple models
of current penetration for a variety of sawtooth crash scenarios are also given.
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Chapter 2. Fitting the Measured Field Using Toroidal Harmonics
The magnetic field in the vicinity of the plasma is measured by a set of
twelve pickup loops. Sensitive to poloidal fields, these loops are located circumfer-
entially around the vacuum chamber. Exact extrapolation of the field through the
vacuum region surrounding the plasma is theoretically possible by fitting solutions to
Maxwell's equations to the measured data; in practice, noise and the finite number
of pickups limit the precision of the extrapolation.
The first section of this chapter presents a derivation of the expressions for
poloidal magnetic fields in toroidal coordinates. The second section deals with ac-
tual determinaton of the amplitudes of the harmonics based on the measured data.
Appendix I explains the toroidal coordinate system, while solutions to Maxwell's
equations in this coordinate system are actually derived in Appendix II. Appendix
III contains a list of definitions and identities; series expressions are also given for
P.'(z) and Q*(z).
2.1. Poloidal Magnetic Fields Expressed in Toroidal Coordinates
In the vacuum region surrounding the plasma, V x B =juof = 0. Expressing
B = V x X, and assuming t symmetry, the equation for the poloidal field in toroidal
coordinates becomes
-1 8 1 8B, = T--hA - i -hA.
"h" ;OA h~ho 9A op
(Appendix I contains an explanation of toroidal coordinates (A, , q), as well as ex-
pressions for the metrics h,, h., and h#.) The vector potential is calculated from
the equation V x V x A = 0. The solution to this equation in toroidal coordinates is
derived in Appendix II, and is given by
= /~cosh yp- coo E (ancos nq + b, sin n) x
n=+
x f Cnp'- /2(cosh/A))+ d1Qn'/2(cosh y),
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where P- 1 /2 and Q1- are Legendre functions of the first and second kind. The
P1-1/2s are singular as A -+ oo, and represent field contributions due to currents
closer to the axis of the torus than is the region of interest, as measured along a A
coordinate axis. QI-1/2 s are singular for A -+ 0, and represent field contributions
due to conductors external to the region of interest. The resulting expression for B,,
is:
Vcosh p - cos 2
B a x 2.1.1
x {a cos nn + bnsin n7}{C,(cosh p) - D,(cosh I) cos i}
n=O
where:
C,(coshp) 
-n cosh M,-/,2 + n-I coshIA M+ 1/2
Dn(cosh is) (coshA Mi-1/2 - M+ 1/2
with M-1/2 representing Q'- 1 /2 (coshp) for external currents' contributions, or
P,,- 1/ 2(cosh I) for internal currents'. The equation for B, is:
B, = x (2.1.2)
x an sin17 cc nn + n (cosh A - cos 1) sinn ) +
n=0
+ b, (2sin sin nt - n (cosh IA- cos 1) cos ni)} M-1/2-
The expression for the field due to external currents, i.e. the summation over
the Q'- /2 , does not have a unique set of coefficients a, for a given magnetic field.
There exist a set of nonzero coefficients a, which, when summed according to equation
4.1.1, result in zero field. These coefficients correspond to the series expansion of
RA, = constant. (Although their individual values are unimportant in the following
analysis, they are derived in appendix I.)
Unique coefficients in the expansion for a field due to external currents may be
determined by subtracting the problematic terms from the series representation of B,,.
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Setting B, = 0, and dividing out the multiplicative term in front of the summation
results in the equation
00
0 = a, cos n (C,(coshA) + Dn(cosh/A) cos??), (2.1.3)
n=o
with sin n terms eliminated due to symmetry. Rearranged, this equation gives an
expression for (Co + Do cos 7) = - ,I (a,/o) cos nm (C, + D, cos 1). In fact,
any one term may be solved for, but this is the best selection for numerical reasons
in subsequent analysis. Rewriting the expression for the j component of an arbitrary
field given in equation 2.1.1,
vcoshy -cos 
aG sindh/
x ao (Co + Do coo 7) + Za, cos nq (C + D, coO e);
n=1
substituting for (Co + Do cos 1) from equation 2.1.3 and collecting terms, the new
expression for an arbitrary magnetic field due to external currents is
B, = /osh a - ao- cosn (C + D, cos1).
a., sinh ao
n=1
an,
This expansion for B,, does have unique coefficients an = a, - ao = , but does not
o
include the 0th harmonic.
A physical interpretation of this expansion is obvious if the coefficients a,
an + ao = for n > 1 are now used in the summation expression for RA*:
ao
I=Ae = ca sinh A an co0n0 q,-/2 (cosh )y/c1eh a- coq m
a,, sinhy IA Q1 0a
o h0 .-1/ 2 + ano + - cosnr, Qi_,(coshIy)
Vcosh yA - cos q E ao n
= Go - (constant) + Qa,. 2a coo nQ_ (cosh M).
v/c-Osh;& - cOs 1 =i.12csI)
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The coefficient ao, which was arbitrary for the purposes of determining the magnetic
field, is seen to multiply the 0 = constant solution to Maxwell's equations; thus it
does not enter into either determination of the field or the shape of the flux surfaces.
2.2. Least Squares Determination of the Series Expansion of B,,
Given a magnetic field ., the signal detected by a pickup loop (neglecting its
finite extent) is f f - d, where i is along the sensitive axis of the loop. Alcator C
has a circular cross-section, with pickup loops located around a minor circumference
as shown in Figures 4.1 and 4.3. In this geometry, the locus of the pickup loops may
be used to define a toroidal surface ;& = IAO as described in Appendix I. Since A is
perpendicular to the direction of coil sensitivity, the field detected by each loop is
given entirely by
Bn =B, h, dn.
When the general expression for the magnetic field in toroidal coordinates (equation
4.1.1) is substituted for B,,, this integral becomes
B' {acos kn + bb sin k71 {Ck + D cos 7} , d7.
, sinh 1 p
Ch (1A) and Dk(js) are given in equation 2.1, while e = 0 in the case of fields produced
by internal currents, and e = 1 in the case of fields from external currents. The
latter reflects the need to determine a unique set of coefficients a, as described in the
previous section. The integration is performed over the angular extent of each pickup
coil, 77, ; q < 7,, with h, being the metric for this coordinate. Interchanging the
order of summation and integration results in an expression for the measured field at
each pickup loop for the given set of coefficients zi,
Nm
B,, = Z Sk zu,
with
= coski(CA+DAcost)d7, e<k<Ne+eascG~ sinh A
51k = { -* ac sh IA - sin kn (Cb + DA cos 7) dm, N,+e<k<N+ e+ N8 .
The vector z& represents Nq = N + e + N. coefficients, partitioned so that the first
N, + e are the coefficients of the cosine terms in the expression for the measured
field, while the next N. are the coefficients of the sine terms. Again, e = 0 for fields
from internal currents, and e = 1 for fields from external currents. In this analysis,
allowance is made for different numbers of harmonics in the cases of cos n77 and sin n'7,
though in practice the same number of each was used.
The actual magnetic field measured by each pickup coil may be expressed as
B" = S z} + en,
k=1Nj
with e, representing both experimental errors and errors due to the truncation of the
series expansion of B,. When the number of measurements available is greater than
the number of harmonics to be determined, the coefficient vector zx, may be found in
a least squares sense. By definition, the least squares solution minimizes F eL; this
occurs for x that solves the equation
STS x = ST Bl*".
The coefficient vector x is uniquely determined if STS is nonsingular. Provided the
caveats against inclusion of the RA# = constant terms (which result in B,, = 0 for
some set of nonzero coefficients x, according to equation 2.1.3) are taken into account,
STS is indeed nonsingular. The least squares solution for the coefficient vector x is
then given by
x = (STS) 1 sT Bm'".
23
The matrix (STS)- ST may be roughly interpreted as a generalized Fourier
transform operator for non-uniformly spaced samples. However, the summed-over
quantity (C. + D,, cos 7), together with the term vcosh - cos 7 that appears in
front of the summation expression for B,,, cause some coupling of the coefficients in
the harmonic series. This coupling is of order b/R compared to the amplitude of
the harmonic; in the vicinity of an infinitesimally thin torus (b -- 0, or Ao - oo)
this coupling goes to zero, and the coefficients approach the exact amplitudes of the
Fourier harmonics of the magnetic field.
Since there are twelve flux loops, the series determined from a given set of
measurements may contain up to twelve coefficients: as an example, ao through
a, and bI through b5 might be computed for some internal current distribution,
corresponding to the 0th - 6th cosine coefficients and the 1st - 5th sine coefficients
respectively. Alternatively, for an external current distribution, al through as and
b, through be might be computed. In these cases, x is determined exactly by the
measured data, rather than in a least-squares sense. In general, however, the higher
harmonics are assumed to be due primarily to noise in the measurement, such as
from calibration errors or integrator drift. As such, these are undesirable in the final
solution for the field; the series is therefore apodized to include only the harmonics n -
3. This is done by means of either a Gaussian weighting function, boxcar weighting
function, or by only computing the first few harmonics in the least squares analysis.
All three methods seem to agree for the lowest harmonics.
2.3. Approximate Equation for a Flux Surface
Computation of the position, shape, and poloidal field at the surface of the
plasma requires knowledge of the flux surface that is assumed to delimit the plasma.
In principle, once the fields at the pickup coils are known, flux surfaces in the region
between the pickup coils and the plasma surface may be traced out exactly. The
surface which intersects the limiter at exactly one point, i.e. is just tangential to
the limiter, is assumed to represent the plasma boundary. However, the equation for
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this surface is implicit and not analytically tractable, since the desired quantities are
yA and q which solve 4i(pA, 77) = constant. Numerical solutions are possible, though
generally too slow for analyzing the large volume of data that is taken during a 500
mS plasma shot.
In order to speed computation of the global values of interest, an approcima-
tion is made based on the assumption that the plasma boundary does not deviate
appreciably from a I = constant surface. In this case, the equation for a flux surface,
?k (4. ( ii)) = constant, may be expanded in terms of a constant term Oo plus a small
correction term k. Expressing IA = Ao + Ts, such that Ao = constant and A varies
with 17, the Taylor series expansion of ip(p.)) is
O(Ip,) = 0o(;1) + (pAo) + 0'(Ipo),A + !1"(pO)f2 +...
Since (p,) = constant ; o(pAo), the first order correction to the equation of a flux
surface Is = io is given by
b ) (po, 7)
V(po)
For an aspect ratio near 4, i.e. that of Alcator C, this represents a fairly good
approximation. In this case, io ~ 2.1, with Ajp = ±.2 corresponding to variation in
the aspect ratio from 5.0 to 3.4. The approximation does break down, however, when
the flux surface of interest passes too near the coordinate axis at yA -+ oo; this causes
the second order term in the Taylor series to approach the same magnitude as the
first due to a large value of i#"(Ao).
The flux function 0 is equal to RA#. Using A# as derived in Appendix II,
a.(ihI Ne N.
,e SInhis a, coo M.-1/2 + Eb, sin n M /
Vco8h A - Cos 77fny =
Mn-1/ 2 represents the Legendre function P-1/ 2 (cosh y) for the case of fields due
to the plasma current, and Q 1 1 2(cosh i) for fields due to external conductors. In
the former case, e = 0, while in the latter e = 1 due to the fact that 10 = constant
may not be determined by pickup loops sensitive to magnetic fields, as explained in
Section 2.2.
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For the purposes of the computation, 4 is determined exactly from 7p - 0o,
where Oo is the value of 4 on the flux surface tangent to the limiter. The quantity
4'(po) is simply related to B,,(puo) using equation II.1.1 and the identity h# = R:
B, = 9 (hoAo) - -
hh,0e 9; hisho 814
This results in the equation for 4'(p,):
= -hoh,,Bq - - snh B(A,).
(cosh ; - cos )2
The value of iko is not known a priori it must be determined in some manner
by searching for the point of tangency of the appropriate flux surface. The iterative
method used to accomplish this is described in Section 5.4, and shown in a block
diagram in Figure 5.8.
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Chapter 3. Vector Potential due to a Set of Filaments
The previous chapter discussed the technique of using explicit solutions
to Maxwell's equations to determine the spatial dependence of the magnetic fields in
the vacuum region surrounding the plasma. An alternative approach to approximat-
ing this dependence is to use the field produced by a set of current filaments. Currents
in each filament are deduced by fitting the field they produce at each measurement
location to the field that is actually measured. Once their currents are known, the
filaments' vacuum field dependence is assumed to approximate that of the plasma and
poloidal field system. This method relies on the uniqueness of solutions to Maxwell's
equations and the fact that fields from the filaments automatically solve those equa-
tions; if the inferred field approximates the measurements, it should approximate the
true field everywhere there is no current. Indeed, for appropriate choices of filament
locations, the filament solution for the fields may be shown to be equivalent to the
toroidal harmonic solution, and this is the subject of this chapter.
The vector potential arising from an arbitrary set of filaments may be expressed
analytically using the Legendre functions of Appendices II and III. This is a Green's
function approach to the fields problem; the necessary Green's function is derived
in the first section of this chapter. Section 3.2 contains a calculation of the vector
potential for an arbitrary distribution of current filaments, while a method of deter-
mining the currents in a set of filaments from an arbitrary vector potential is derived
in Section 3.3. In Section 3.4 the arbitrary filament distribution is reduced to equi-
spaced filaments on M = constant surfaces either close to the toroidal axis at 14 --+ o,
or far from that axis at 1A -+ 0. The functions Pl_ 1 (coshu) and Q- 1 /2 (cosh/A)
are then shown to be identified with fields produced by particular multipolar current
distributions.
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3.1. Green's Function in Toroidal Coordinates
The Green's function for Laplace's equation for the vector potential is given by
the inverse of the distance between two points:
V = 1
This may be integrated over an arbitrary current distribution f(i:) to obtain the
vector potential at the location F,
A() J |F- '
A representation of the Green's function in terms of Legendre functions may be
obtained by starting with the distance 4 = jI- F'I in Cartesian coordinates, such
that 2 =( - x') 2 + (y - y') 2 + (z - z') 2 . Through straightforward substitution of
the coordinate transformations listed in Appendix I, this equation becomes
C 2= . cosh p cosh M' - sinh I sinh Is' cos (0 - 0') - cos (i - i')
(coshI - cosi) (cosh' - cosW')
Defining a new variable coshx = cosh A cosh I' - sinh p sinh p' cos (0 - 0'), the
Green's function is
, , 1 1 (cosh I - cos ni) (coshj' - cos n) 1/2
9(pasev,2) =I ~ coshx - cos(i -W') I
Identities listed in Appendix III may be used to express the inverse of the denominator
as an infinite sum of Legendre functions of the second kind:
1
v21 2 _ e Q~~ ,1/2(cosh x) cos n( Y7 - 77')[cosh X - cos (17 - T'2 'r =o
(where e, = 1 for n = 0, otherwise e,, = 2). In turn, each Q,(coshx) in this series
may be expressed as another infinite sum by means of the identity' 0
Q, (yz - y 
-1 2 -1 cosa) =
- r(V + k + 1) Q.(y) P (z) coska, for y > z,
k 0
Ek(1) r(v + k + 1) P (y) Q4(z) cos ka, for z > y.
k+=0
28
The desired form of the Green's function results from this substitution, and is
1 _/(cosh A - cos 7) (cosh A' - cos r')
I sc
x 00 Cn,(-1)1 -k+ cos n(7 - n') cos k(t - ') xE Eo r~ (n + k4 + )
x Q -1/ 2 (coshp') Pn-1/ 2 (coshy), for A' > A
Pt -1/ 2 (cosh/P') Qi-1/ 2 (cosh;A), for A > A'
with ei = 1 for i = 0, otherwise ej = 2. Note that A' > A corresponds to the situation
where the current distribution lies within the region of interest for the computed field
values, while A > A' corresponds to the current distribution being outside.
3.2. Vector Potential from an Arbitrary Distribution of Filaments
For an observer at F', the vector potential due to a filamentary current ring is
given by A= , with
A# IR' 2* cos4 doZ4 Jo IF- FtI
Expressing the filament radius R' in toroidal coordinates, and using the Green's
function result of the last section, the vector potential is
A# = -A sinh A' cosh A - cos 1/2
27 coshp' - coun' I
( cos n ( - ') Q-1/ 2 (coshs' (cosh) for A' > A
n= o(n (n - p) P{- 1 2(cosh y') QP-1/ 2 (cosh&) for 14 > A'
for a filament carrying current I and located at (A', '). Integration over 0 has
eliminated the summation over k, with f cos k(4 - 4') cos 0 do = 0 for all k except
k = 1. The vector potential for a set of N filaments, each carrying current i and
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located at (pi, it), is computed by summing the contributions to total A# from each
filament, and is given by
N .-- poi , { cosh y - cosq 1/2 (3.2.1)A# E 2r cosh y.s - cos qI
X * eos n (17 - ig ) X /2(cosh/yi) P,,-12(COShIA) for yj > M
x 2en -1 xn-
n=O (n + (f - Q) P (coahpi) - 1 2 (cosh M) for p >jy;
3.3. Filamentary Current Distribution from an Arbitrary Vector
Potential
If A4(yA, q) is assumed to be known as a function of q on some A = constant
knowan surface, such that A0(77) = Ak"*,n, currents in a set of filaments that re-
sult in an approximation to that vector potential may be determined. An analytic
solution for the approximation A 1 " that minimizes the squared error on that sur-
face, E 2 = 2 "(A know - A' )2 h, dY7, is straightforward from the results of the
preceding section. This least squares problem is equivalent to finding the Fourier
series expression for A6"*W"//c~o~sh _-cosi. The Fourier coefficients are given by
the integrals 2* A 0 coo k7 di?
o V/cosh - co 7'
23 hA# sin k17 df4 
=
0v/coShy - cos n
The coefficients al and 013 are related to the coefficients of the toroidal harmonic
vector potential (given in Appendix II) through 2w M- (cosh4),eY ') =~ M(1 2 csh)
where M represents either Ph-/ or q 1 2 , With e= 2 for k = 0, and el = 1
otherwise.
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Substitution of A# from equation 3.2.1 into the above integrals results in the
equations:
j2 AO cos " dc7 (3.2.2)/ {o soh o-- Ph
N ko IF sinhipi cos 1. -1/2(cosjj h-1/2(coship)
cs -YA - cos q (n + }) (n - ) Pl-1 /(coshAp) QL-1/ 2 (cosh p)
o Vcosh - C.,
I o Ii" sinh y; sin kn; {q-1/2 (cosh pi) Pl-/ 2 (cosh y)
,Cosh y - cos1A (n + 1) (n - }) ph-1/ 2 (cosh &) Qi-1/2(cosht)
where the IA-dependence is given by P--1/ 2 if the filaments are interior to the surface
yA= Ano, or Qi- 1/2 if they are exterior. The above system of equations represents
a linear set of equations for the currents , and Is. If the two sets of filaments
have the same locations (p,7ji,), they may be replaced by a single set with currents
Is = IC + I.
The actual system of equations relating the coefficients of the harmonic expan-
sion of the vector potential, a, and b,,, to the two sets of filament currents, If and
I' , is
an Lnf4I sinh p; cos nr, (n-1/ 2 (coshpj)
a1,=(n + 1) (n - :) 2r Vcosh, - cos 7 Pn 1 2 (cosh IA)
=enN - si h i, si{ Q1-1/2(coshIA)
(n VcoshIA,-cosvz, P+ .-n 1 /2 (cosh p)
(e= 1 for n = 0, otherwise e, = 2). In this case, Qn-1/ 2 (coshoiA) is used if the
filaments are closer to the toroidal axis than is the region of interest (p, > js), while
P'-1/2(coshjAp) is used if they are farther away (,A > s).
31
3.4. Vector Potential from a Toroidal Multipole
Further simplification of the results of the previous section is possible if the
filaments lie on a surface of constant 1A, such that JA = ;A'. In this case each summation
in equation 3.2.2 may be equivalently expressed as an integral over delta functions.
For a multipolar set of filaments, assuming the magnitude of the current in each is a
constant 1o modulated by (cosh IA'- cos 1') -1/2 but with alternating signs, the current
distribution is given by
V/cosh k' - cos n' I(7') = Io{ 6('-n 6(v'- N N
= 1e cos nNn' -t cos nN -'n-
n=O n=O
= Io - {cos Ni' + cos 3N' + coo 5Nn' + ... }
where 2N = total number of filaments. If the filaments are near the toroidal axis so
that hi' > yI, the equation for the vector potential is
osh A - cos q .0 (3.4.1)
= -(17')sinhk'o coi 7  Q, 1 / 2 (cosh/A') P-1/2 (cosh y)21r , ,=' (k+I) (A -1)
_ Iol 0__ Cos nN77
= sinhy, A E+ nN - N- /2(cos N-1/2(coshy)
i=f L... (nN + }) (tiN - gn=1,31 ,... 2
For large values of its argument, the Legendre function Qn-1/ 2 (cosh y') is pro-
portional to (coshy')-n+1/ 2 ; therefore, for filaments much nearer the toroidal axis
than the region of interest the summation in equation 3.4.1 is accurately apprcai-
mated by its first term. The vector potential for a multipolar distribution of toroidal
filaments near the axis, consisting of N positive currents alternating with N negative
currents on the surface s = I', is then given by
A o oN sinh M' Q -/(cosh IA')AN :N + 1 (- Vcoshy - cos 7 Pk- 1/ 2 (cosh 1) cos N77.
(N+2)(N -)
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Thus each Legendre function P.-,, 2(cosh y4) may be identified with an individual
Multipolar filament distribution near the axis o -- oo.
Similar results may be derived for a distribution of filaments equispaced in r7, but
external to the region of interest. In this case the u-dependence is given by Legendre
functions of the second kind; the vector potential is determined by the above formula
with P and Q interchanged. In the above derivation the relative poloidal weighting of
the currents was given by (cosh s' -cos 7')~1/ 2 . Near the center of the torus it' -+ oo,
so cos -q' is unimportant. On the other hand, for external filaments near s' -+ 0 this
term needs to be included.
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Chapter 4. Experimental Arrangement, Data Acquisition, and Related
Problems
The first section of this chapter is devoted to an overview of the experi-
mental setup. The Alcator C tokamak is described, with emphasis on issues pertinent
to the measurement of the fields surrounding the plasma. Next, Section 4.2 contains a
description of the eletronics and data acquisition system. Section 4.3 relates problems
encountered in measuring exact values of the fields, arising both within the tokamak
itself and in the electronics.
4.1. Experimental Arrangement
A cross-section of the Alcator C tokamak is shown in Figure 4.1. The toroidal
field windings are copper Bitter plates connected to form a helix around the vacuum
chamber. There is a net single turn of current in the toroidal field system, flowing
parallel to the plasma, due to current crossovers between each Bitter plate. This
current seems to be distributed fairly uniformly over the cross-section of the plates,
though with a slight bias toward the inside major radius, and produces the roughly
vertical stray field shown in Figure 6.2.1. The toroidal field due to 100 kA of magnet
current is 7.5 Tesla, while this stray component is approximately .01 Tesla.
The poloidal field system is located external to the Bitter plates, as shown in
Figure 4.1. The central transformer core of the ohmic heating system (OH1) consists
of 285 turns of solid conductor approximately 1.8 cm square, and is connected in
series with the OH2 and OH3 coils. The latter are wound of copper strap, with their
turns adjusted to closely null out the field from the central solenoid in the vicinity of
the plasma. The equilibrium, or vertical, field system is indicated by the conductors
labelled EFI and EF2, consisting of 52 and 61 turns of copper strap respectively in
each top or bottom coil. These are separate windings connected in series to produce
a field perpendicular to the midplane of the torus (i.e. vertical). The horizontal field
winding (HF) consists of 20 turns of copper strap in the top or bottom windings,
which are connected anti-parallel to produce a field that is radial at the midplane.
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Figure 4.1. A cross sectional view of the Alcator C tokamak is shown. The poloidal
field windings are indicated; each set of windings for a particular field system is
connected in series. The pickup coil form is also shown, with the approximate location
of each loop marked.
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A circuit diagram of the poloidal field system and power supplies is shown in
Figure 4.2. Currents in each coil system are measured by means of resistive shunts
indicated in the figure. Various systems are shown: the tokamak itself, an "anti-
transformer", the EF1 bias circuit, and mutual inductances are noted wherever per-
tinent. The electrical systems of interest in the tokamak are the ohmic heating and
equilibrium field systems, the plasma, and eddy currents. The anti-transformer is
a system of coils adjusted to exactly cancel the (low frequency) mutual inductances
between the OH system and the EF system within the tokamak itself. The horizontal
field system, having no appreciable mutual inductance to any of these sets of coils, is
not shown in the schematic.
Before the plasma shot, the OH supply drives current through the OH-OHA
circuit shown in Figure 4.2. To initiate the plasma, the switch across Rc is opened,
transferring the current to Rc and creating a large voltage across the OH coil system.
The large voltage results in rapidly changing flux in the OH transformer, which in
turn induces voltage necessary to break down the neutral gas in the vacuum chamber
and to drive the plasma current. Current typically begins to rise about 1.5 ms after
"commutation", and 1 to 2 ms later the EF supply is programmed on and begins to
drive the vertical field current necessary for plasma equilibrium. 50 to 70 ms after
commutation, when the current in the OH system has decayed to zero, a second
supply (not shown) is connected across the OH-OHA coil combination to continue
driving the change the transformer flux.
The EF1 bias system is designed to compensate for stray fields arising prior to
the beginning of the plasma shot, and is necessary to achieve the initial breakdown
of the gas in the vacuum chamber. This system consists of a current source 'B and
inductor-resistor combination, LB and RB as indicated in Figure 4.2. Approximately
1 ms before commutation the switch in this circuit is opened, allowing the current
to exponentially decay through the resistor RB with a time constant on the order
of 20 ms. (DC field errors arise primarily from the stray component of the toroidal
field and to a lesser extent from to the OH system. AC field errors are due to eddy
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Figure 4.2. Essential features of the poloidal field control system are shown in
schematic form. The tokamak itself, anti-transformer and EF1 bias circuit are il-
lustrated. In order to decouple the OH and EF control systems, the anti-transformer
has mutual inductances that cancel those in the tokamak itself. Currents in the EF
and OH coil systems are measured by means of shunts in the locations shown. Just
before plasma initiation, the switch in the EF1 bias circuit is opened; the time con-
stant of the current in the path EFI-LB - R8 is such that this current does not
decay appreciably before the plasma is intitiated.
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currents induced in the machine structure by time varying currents in the poloidal
field system.)
4.2. Data Acquisition
Twelve partial Rogowski loops are located on a form that is physically attached
to the vacuum chamber wall, as shown in Figure 4.3 (also see Figure 4.1). Leads from
the 12 loops are brought out of the tokamak and each connected to approximately
50 m of twisted shielded pair cables which bring the signals to the inputs of a set
of 12 integrators. The integrators are of an auto-zero design described previously".
Together with currents flowing in the ohmic heating, vertical field and horizontal field
systems the integrated signals are recorded by a CAMAC system at a digitization
rate of 5 kHz. Alcator C plasma discharges typically last .4-.6 second; data is taken
for 1.2 seconds, with .13 ms being recorded prior to discharge initiaion. Data from
each shot is stored on disk via a VAX computer, and later archived to magnetic tape.
4.3. Problems with Precise Measurement of Magnetic Fields Surrounding
the Plasma
Accurate knowlege of the fields in the vacuum region surrounding the plasma
are required to perform the desired MHD analysis. These fields are produced by the
poloidal field system consisting of the OH and EF windings, by eddy currents induced
in the OH transformer or the toroidal field magnet, by the toroidal field "single turn",
and by the plasma itself. Fields produced by currents flowing in each of these systems
contribute to the pickup loop signal, and must be separated into two general classes:
those produced by currents flowing either externally or internally to the locus of the
pickup loops.
A stray field arises from the toroidal field magnet from the cross-over of current
between the Bitter plates that make up each turn; this field should be included
among those measured. However, because of the small relative magnitude of this
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Figure 4.3. The pickup coil form is shown in relation to the plasma and vacuum
chamber. Twelve loops are wound on a strap that is physically attached to the
vacuum chamber wall; each has approximately 200 turns.
39
stray component, .01T/7.5T z 1.3 x 10-s, coil form misalignment of even .1 degree
would allow feedthrough of the toroidal component comparable in magnitude to the
single-turn field. To overcome this problem, the latter field was measured separately
using an electron beam in a series of vacuum toroidal field tests. In processing pickup
loop data, a baseline shot is taken for any shots from which the magnetic data is
desired; this consists of the toroidal field programmed exactly as for the plasma shot,
with no other power supplies turned on. This baseline is then subtracted from each
shot that is to be analyzed; following this, the toroidal field stray component is
explicitly added to the data.
Neither current induced in the EF1 bias circuit nor eddy currents induced in
the machine structure are explicitly measured, though each also produces a field in
the vicinity of the plasma that must be accounted for. These induced currents are
coupled to every source of poloidal flux: the OH system, the EF system and the
plasma. Fortunately for the analysis, it is possible to account for most of the fields
produced by these currents by means of vacuum field measurements; this is described
in detail in the next section. Further, during most of the plasma shot the fields
produced by the induced currents are small compared to the plasma poloidal field
and the applied vertical field, and thus form first-order corrections to these fields. As
such, coupling between two first-order effects, such as the eddy currents' induction
of a circulating current in the EFI bias circuit, can for the most part be assumed to
be negligible. However, when time derivatives are large or the plasma poloidal field
small, as near the beginning or end of the plasma discharge, these induced currents
can produce fields that are of the same magnitude as the equilibrium fields, and
correspondingly the 2d order errors are large.
A second source of error can arise through the non-ideal nature of the op-amp
integrators. The most obvious problems with solid state integrators are droop and
drift. For the integrators used, however, integrator droop is negligible over the course
of the 1.2 seconds they are in use. DC drifts are negligible in general, although several
integrators drifted at a constant rate of up to 10 mV/second. Since this seemed to
be a quite consistent and repeatable effect, subtraction of a baseline shot of some
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sort that included the integrator drift should exactly subtract the drift portion of the
signal, as well. As described in the previous paragraphs, subtraction of a baseline is
a necessary part of the analysis, and therefore this effect is also negligible.
A more subtle effect in the integrators is due to the use of non-ideal capacitors.
An effect known as dielectric absorption causes all capacitors to exhibit some short
term decay of their voltage after being rapidly charged; this is separate from dielectric
leakage. A circuit model that simulates the effect (using ideal capacitors) is given by:
C
6C R
Ceramic capacitors are particularly notorious in this regard, with the voltage chang-
ing by as much as several percent. (Polycarbonate capacitors are among the best.)
Unfortunately, the capacitors used in the integrators were ceramic. The measured ef-
fect on the output of the integrators is indeed approximately linear, with 5 ; .03 and
RC = 1 second for an integrator time constant of .1 ms. Therefore a linear compen-
sation method was developed to correct for the errors. A simple backwards-difference
scheme, using time constants obtained from a least squares fit to the response to
a square pulse in input current, was able to correct the output signal to within a
fraction of a percent over most of the duration following the current pulse. Time
behavior immediately following the current pulse was hardest to match, but those er-
rors decayed to zero, so during periods when the integrator signals are not changing
rapidly the accuracy of the signals should not be limited by this effect.
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Chapter 5. Data Analysis
The plasma position and shape together with the Shafranov equilibrium
quantity A = 4/2 + , - 1 are desired results of the analysis of the magnetic data.
This chapter contains a description of the method used to analyze the data. Since
the analysis of the recorded shot data is embodied in several Fortran programs, the
analysis and the code will be described together. The first section of this chapter
contains a description of several general computations that must be made prior to
processing any shot data: the toroidal field contribution, and the time dependence
and amplitude data of measured field signals due to the external currents, and the
"Fourier transform matrices" described in Chapter 3. The overall method of analysis
for processing the recorded data on a shot to shot basis is described in Section 5.2.
Two programs are described; the first is for plotting a "snapshot" of the outer plasma
flux surfaces at required times during a plasma shot, while the second is for computing
equilibrium quantities such as plasma current, major radius, vertical position, and
Shafranov A as functions of time over the whole plasma shot.
Section 5.3 describes the analysis and subroutines for determining separate con-
tributions to the pickup loop signals from fields produced by currents flowing external
to the pickup coils (i.e. in the poloidal field system), and contributions from fields
produced by the internal (i.e. plasma) current. The plasma poloidal field is typi-
cally dominant in the region of interest between the plasma surface and the vacuum
chamber wall. The vertical field is next in magnitude, being approximately 1/4 that
due to the plasma. A number of other external sources of fields exist, such as the
stray component of the toroidal field, a component of the OH field that is not strictly
compensated for and the horizontal field. Fields due to eddy currents induced in the
structure of the machine by time variation of both the vertical field and the plasma
currents must also be taken into account; their presence causes the contribution due
to a particular system to be not merely a multiple of the current flowing in that
system, but also to depend on the time history of the EF, OH, and plasma currents
together.
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These "external" and "internal" signals are used to compute field harmonic
amplitudes as described in Chapter 3, and the resulting fields extrapolated through
the vacuum region surrounding the plasma. Once the fields in the vicinity of the
plasma are known, the plasma surface and desired equilibrium quantities may be
determined; the analysis method and code for this are described in the third section
of this chapter.
Data was recorded for each plasma shot during the course of most runs over the
past several years of operation of Alcator C. Toroidal field baseline data, necessary for
accurate analysis of the data from a given plasma shot, was taken far less frequently
and therefore determines the availability of any particular shot.
5.1. Preliminary Analysis Required for Processing the Data
Prior to any analysis of shot data, several preliminary files must have been
generated. The first of these contain the "Fourier transform matrices" for fields
due to internal and external currents; these are 12 x N matrices that multiply the
respective pickup loop signals to generate the amplitudes of the harmonics of the
internal and external fields, with N being the number of cosine harmonics plus the
number of sine harmonics. The elements of each matrix are described in the second
section of Chapter 2.
A third file that should exist prior to analysis of a shot contains the harmonics
due to the stray component of the toroidal field, for 100 kA of TF current. These har-
monics were computed by a least-squares fit to a set of electron beam measurements
of that stray component.
The final sets of necessary auxiliary data are the amplitudes and time constants
used in determining field contributions to the pickup loop signals from measured
currents in the OH, EF, and HF systems. These amplitudes were determined by
least squares fits in a series of vacuum field tests. In the case of the horizontal field,
the largest contribution to the pickup loop signals is < 50 Gauss, or approximately
10 digitization increments, so no time dependance is calculated for this field and
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contributions to the pickup signals are simple multiples of the current. (The plasma
poloidal field is typically 3 to 6 kiloGauss.)
Contributions due to the EF and OH systems must be corrected for their time
dependence. The AC fraction of these fields can be quite significant at the beginning
and end of the plasma shot, or when the plasma current is low. A backward differences
scheme is used to compute a time dependent field from the measured current as
follows: The first backward difference of the particular current signal Va"t is defined
by Ai = fcat - ca!, the second by e2 = - 2Iti + 7i, and the third by
= - 3I'es + 3Pieft - 1iet, with the simulated pickup loop signal being
Ci = An (i"t+ rT A + r 2T"A 2 + 3A
C! is the resulting contribution to the nth pickup loop at the ith digitization time.
r is the digitization rate, and individual amplitudes An and time constants 7 are
determined by least squares fits to data taken from field tests described below.
Contributions to each pickup loop due to current in the vertical field system were
determined for a vacuum field test. Time constants were computed so that predictions
of the time-dependent pickup loop signals, based on current measured at the shunt,
best matched the measured loop signals in a least squares sense. This method of
computing pickup loop contributions gives valid results as long as the current flowing
through the shunt is produced only by the EF system. During processing of a plasma
shot this condition is approximated subtracting estimates of currents induced in the
EFI bias circuit (see Section 4.3) from the shunt measurement; in particular, currents
induced by coupling to the OH system and to the plasma current are subtracted.
Fields produced by these induced currents are accounted for when time-dependent
effects for their associated fields are computed. In practice, signals due to constant
vertical field current are predicted to within a fraction of a percent, while those due
to linear time varying currents are almost as good. However, a finite second time
derivative of the EF current causes the prediction to worsen, with resulting errors of
up to 3-5 % of the net vertical field.
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To measure contributions to the pickup loop signals due to OH currents, the
vertical field system was programmed to provide a constant DC level of current before
and during an OH current pulse. The current induced in the EF1 bias system as well
as AC coupling of the OH current to the EF supply through its output terminals
are therefore taken into account in the least squares fit for the time constants. At
the same time, the measured current induced in the EF1 bias circuit is evaluated for
later subtraction from the measured vertical field signal. Predicted contributions to
the pickup loop signals agree quite well with those measured; the predicted values of
field are within 5% of those measured, from just after commutation to the end of the
shot. This is quite acceptable since the largest of these signals is about 50 Gauss.
Somewhat larger fields can accrue from the computation of the current induced in
the EF1 bias circuit; again, behavior for linear time variation of the OH current
is reproduced quite well, although second time-derivatives of this current can cause
errors of up to 2 % in the computed vertical field.
5.2. Overall Method of Analysis
Analysis of the data recorded from a given shot begins with some pre-processing:
the appropriate baseline data is subtracted from the shot of interest, and the dielectric
absorption in the integrator capacitors compensated for (see the previous chapter for
the origins of each of these effects). Also at this stage, an attempt is made to remove
any noise spikes from the recorded vertical field, ohmic heating, and horizontal field
currents. A new data file is written, containing the corrected shot data.
Once the shot data has been corrected, either of two programs may be run. The
first, AFLXS, may be used to plot "snapshots" of the outer flux surface of the plasma
at specified times during the plasma shot. A block diagram of this program is shown
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in Figure 5.1. The second program computes the same flux surfaces at a series of
time frames through the course of the shot. Instead of plotting surfaces, however,
this program calculates various quantities of interest for each surface, such as R, z, I,
A, and field and shape harmonics. These are written to a file, and may be plotted as
functions of time once the program has run. The structure of this program is quite
similar to that of the first, so a separate block diagram is not given.
After assorted input operations, these programs call subroutine EXTINTCON
(described in Section 5.3) to generate signals due to fields from currents flowing in-
ternal and external to the pickup coil form. Contributions arising from the plasma
current must then be fit by a series of harmonics that are singular at the origin
(as toroidal coordinate p -+ oo); these are computed by multiplying the "internal"
Fourier transform array times the vector of "internal" data. The higher spatial har-
monics are assumed to arise primarily from mis-calibrations between pickup loops
and thus to be undesirable in the final result, so they are either not computed or
the harmonic series is apodized to eliminate them (see Section 2.2). The spatial
apodization frequency represents the width of a Gaussian in harmonic number; i.e.
the amplitude a,, of each harmonic is multiplied by e- 2 /W23, with WC typically =
3.5 if 12 harmonic coefficients are computed. (If instead a negative integer is entered
for WG, all coefficients for harmonics equal to W, and higher are simply set to zero.)
External fields should be fit by a series of harmonics that are singular at large dis-
tances from the plasma, or as I -+ 0. These harmonics are computed by multiplying
the "external" Fourier transform array times the vector of "external" data. The field
harmonics of the stray component of the toroidal field are added to this data, and
this series apodized with the same spatial frequency as the internal series.
Once the harmonic series for the "internal" and "external" fields are determined,
the subroutine to actually determine the flux surface is called; a block diagram of
this routine is shown in Figure 5.2. In the first program, AFLXS, this subroutine can
optionally determine the point of tangency of the flux surface to the limiter, and plot
this surface, or else plot a surface which passes through a specified point. Subroutine
SURFGEN is called to actually generate the array of points representing the surface;
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Program AFLXS
Function: Plot snapshots of the outer flux surfaces at
shot.
specified times during a plasma
Input
(date, shot #, etc.)
I Read data from shot I
Read "Fourier Transform Matrices," FTAE and FTAI,
from files PFOURTRNS and QFOURTRNS
Input
(time for display of flux surface)
(time for computing zero offset of data)
Compute contributions to the pickup signals from fields
due to currents flowing external and internal to the pickup
loops. This is the "external" and "internal" data.
(subroutine ExtlntCon)
next page
Figure 5.1 summarizes steps involved in preparation for the plot of a flux surface at a
specific time during a plasma shot, as implemented in program AFLXS. Subroutine
EXTINTCON and the programs that generate the "Fourier Transform Matrices" are
described in the following pages.
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Compute field harmonic amplitudes
due to internal currents
(multiply FTAIx ("internal" data)
Apodize the "internal" harmonic series
Compute field harmonic amplitudes
due to external currents
(multiply FTAEx ("external" data)
Add harmonics due to stray
components of the toroidal field
Apodize the "external" harmonic series
Plot the flux surface
(subroutine AFISurf)
Figure 5.1, continued; a summary of the steps involved in preparation for plotting a
flux surface. Subroutine AFLSURF is also described in the following pages.
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Subroutine AFLSURF
Function: Called by program AFLXS to plot flux surfaces; also computes R, z, a, A,
and I, for this surface.
Arguments: # of cosine harmonics; # of sine harmonics; 8-offset of pickup coil-
form; vector of external harmonic amplitudes; vector of internal harmonic
amplitudes; and uo and a..,, for the toroidal coordinate system.
Results: None returned.
Auxiliary input
(plot-size, erase..p, etc.)
More auxiliary input
Automatically determine point of
flux surface tangency to the limiter?
(subroutine Find-Tang)
-i _
Plot limiter and coil form
Generate a locus of points that
represents the flux surface
(subroutine SurfGen)
Plot the surface
Compute R, z, a, A, and I, for this surface
and write them on the screen
Return
Figure 5.2. The steps involved in actually plotting a flux surface for a given set
of field harmonics are summarized above, as implemented in subroutine AFLSURF.
Subroutines FIND-TANG and SURFGEN are described in the following pages.
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I
these points are plotted on the screen together with the limiter and pickup coil form.
Once the surface has been determined, the quantities R, z, a, A, and I, are computed
and also written to the plot. In program AFLXSMOV this subroutine finds the point
of tangency and computes but does not plot the surface that passes through it; R, z,
etc. are computed at each time frame and written to a file.
5.3. Determination of External and Internal Field Contributions to the
Pickup Loop Signals
Signals measured by the pickup loops represent the sum of fields due to the
plasma current and of fields due to currents flowing outside the pickup loops. In order
to extrapolate the field measurements through the vacuum region, these contributions
must be separately determined. This analysis involves first computing and summing
field contribution to the pickup loops due to each external current. The result of
the summation is the net "external" contributions to the pickup loops; these are
subtracted from the measured data to obtain the "internal" signals. A block diagram
of the implementation of this analysis is shown in Figure 5.3.
5.3.1. OH Contributions to the External Field Signals
The OH system consists of the central transformer and two pairs of com-
pensation coils, as shown in Figure 4.1. The compensation coils OH2 and OH3 are
intended to approximately null out the field in the vacuum chamber center due to
the central core; the compensation is not perfect, however, and a small net amount
of field is present. The time varying current in the OH system, necessary to create
a voltage to drive the plasma current, also drives an eddy current distribution with
resultant fields in the region of interest. These eddy currents may flow in the copper
of the OH transformer itself, or possibly in the toroidal field Bitter plates; in any
case, their result is a time-varying field that depends not only on the OH system
current but also its history and time-derivative over the course of a plasma shot. In
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Subroutine EXTINTCON
Function: Called by programs AFLXS and AFLXSMOV to compute signals due to
fields produced separately by currents outside and inside the pickup coils. On
the first call, computes the contributions to each pickup coil for all recorded
times, based on previously measured vacuum fields due to external currents
and their time variation and consequent induced eddy currents. On all calls,
computes results for the specified time.
Arguments: Time for which to return computed contributions to pickup loop sig-
nals; Digitization rate; Time during which to compute zero offset; CAMAC
data; Integrator calibration factors; External current multipliers (to account
for changes in calibrations).
Results: External and internal contributions to each of the pickup coils.
If not the first call, simply multiply the already-
computed internal and external signals by the
integration calibration factors and Return
Compute OH contributions to each pickup and to the EF1 current;
Add them to the external signals and the EF current signal
(Subroutine OHContr)
Compute contributions due to eddy currents induced by the plasma;
Add them to the external signals and the EF current signal
(Subroutine IPContr)
Subtract computed contributions due to induced currents
flowing only in EF1 from the measured vertical field current.
4 g
net page
Figure 5.3 shows the steps involved in computing the pickup loop signals due sepa-
rately to external currents and to the plasma current, as implemented in subroutine
EXTINTCON. Subroutines OHCONTR, IPCONTR, EFCONTR, and HFCONTR
are described in the following pages.
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Compute contributions due to the vertical field;
Correct them for the time dependence of the shunt measurement;
Add them to the "external" signals.
(Subroutine EFContr)
Compute contributions due to the horizontal field;
Add them to the "external" signals
(Subroutine HFContr)
Subtract zero offset for each pickup loop from the measured data;
Subtract the computed external contribution from the measured data,
resulting in signals due only to the internal (plasma) current
_____________________________________________________I_______________________________________________I____FFilter the internal contributions with a Gaussian lowpass havingthe same width as that used for the external contributions
Multiply the internal and external signals at the
given time by the integration calibration factors
Return
Figure 5.3, continued; the steps involved in computing pickup loop signals due sepa-
rately to external currents and to the plasma current. Subroutines EFCONTR and
HFCONTR are described in the following pages.
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addition to the eddy currents, current is inductively driven in the EF1 bias circuit
(see Figure 4.2 for a circuit diagram). Interestingly, the vertical component of the
field produced by the EF1 circuit just cancels the vertical component of the eddy
current field for time-varying currents in the OH system. This is to be expected,
since the time constant of the bias circuit has been adjusted to produce a field null
at plasma initiation, when the time derivative of the OH current is largest.
All the AC field effects may be quite sufficiently modelled by straightforward
processing of the OH current to generate a set of contributions to each pickup loop.
The method of analysis is shown in a block diagram in Figure 5.4. After the OH cur-
rent signal has been de-spiked, it is lowpass filtered using both a (noncausal) Gaussian
filter with r = 1.5 ms, and a single pole causal filter with time constant r : 20 ms.
The OH current next forms the input to a backwards-difference scheme described
above to generate the time dependent signals forming the contributions to each loop.
This methodology determines the field contribution due to both the circulating cur-
rent induced in the EF1 bias circuit the eddy currents induced in the machine. Effects
due to the coupling of OH current to this current are entirely accounted for, although
the converse is not true; fortunately, self and mutual inductances are such that cur-
rents induced in the OH system by the EF1 bias circuit are completely negligible.
Measurement of the vertical field current includes this circulating current be-
cause of the location of the shunt in the circuit, as indicated in Figure 4.2. Since the
fields due to this current are already accounted for, it should be computed and sub-
tracted from the measured EF current before any fields due solely to the EF system
are determined. The circulating current is computed via the same type of backward
difference scheme as that used for the pickup loop signals, above.
5.3.2. Plasma Contributions to the External Field Signals
The plasma current does not contribute directly to the external field signal;
however, time varying plasma currents can induce both eddy currents in the machine
structure and a circulating current in the EF1 bias circuit (see Figure 4.2 for the
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Subroutine OHCONTR
Function: Called by subroutine EXTINTCON to compute the contributions to the
pickup coil signals and to the EF current due to the OH current.
Arguments: Measured data; "External" data; Time during which to compute zero
offset; Digitization rate; OH current multiplier.
Results: Returns array of "External" data with OH contributions added.
Precondition the OH current:
Try to eliminate noise spikes using a median filter
Low-pass using a (noncausal) Gaussian filter, r :: 1.5 ms
Low-pass using a single pole causal filter, r =z 20 ms
Subtract the zero offset from the OH current signal
Read the previously computed time constants and amplitudes
from file OH325TC.DAT
Compute contribution to EF current signal from the measured OH current;
Add it to the "external" data array
Compute contributions to each pickup loop from the measured OH current;
Add them to the "external" data array
Return
Figure 5.4 outlines subroutine OHCONTR, used to compute contributions to each
pickup coil signal and to the vertical field current due to the measured OH current
for a given shot.
54
circuit diagram). Short of physically simulating the plasma current itself, these effects
may not be measured directly. However, an estimate of their contributions to the
external field signals is possible based on the measurements of fields induced by the
OH system. The following describes a method of analysis to do this estimation; it is
outlined in a block diagram in Figure 5.5.
In particular, fields due to the current in the EF1 bias circuit may be determined
by measuring the field due solely to the OH system with the EF1 circuit open, and
subtracting these signals from those due to the OH+EF1 measurement described in
the previous section. The result of this subtraction is to eliminate any contributions
to the pickup loop signals due to the OH current and eddy currents induced by the OH
system, leaving only contributions due to the EF1 current and eddy currents induced
by the EF1 system. These contributions to the external signals are then computed
using the same backward differences scheme as for those due to the OH system;
however, their amplitude must be adjusted by the ratio of the mutual inductance
between the plasma and EF1 system to the mutual inductance between the OH and
EFI systems, MpI&a.M-EF1/MOH-E - %
As is the case with the OH current, field due to current induced in the EFI bias
circuit is already accounted for, and that induced component should be subtracted
from the measured EF current. Again, this component of the current is determined
by the same sort of backward difference scheme as for the pickup loop signals.
Fields due to plasma induced eddy currents are not as readily nor as accurately
determined as those due to the measurable current flowing in EFI. However, if an
assumption is made that eddy currents induced by changes in OH system magnetic
flux have nearly the same distribution as eddy currents induced by changing magnetic
flux from the plasma, the field contributions may be approximated. This will be
valid if the dominant eddy current distribution is in a relatively localized region
compared to the size of the machine. In this case, the above mentioned vacuum OH
test with the EF1 bias circuit opened may be used to determine the eddy current
contribution; the time-dependent portion of the field not directly proportional to the
OH current is entirely due to eddy currents. Thus by retaining only the backward
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Subroutine IPCONTR
Function: Called by subroutine EXTINTCON to compute the contributions to the
pickup coil signals due to eddy currents induced by the plasma current, and
the contribution to the measured EF current due to induced current in the.
EF1 bias circuit.
Arguments: Measured data; "External" data; Time during which to compute zero
offset; Digitization rate; Plasma initiation time.
Results: Returns array of "external" data with OH contributions added; also deter-
mines when plasma current starts.
Compute the plasma current = (mewured signal) x calibration
Precondition the plasma current:
Median filter the data
Low-pass using a (noncausal) Gaussian filter, r ; 1.5 ms
next page
Figure 5.5 outlines subroutine IPCONTR, used to compute the contribution to the
measured vertical field current and contributions to each pickup coil signal due to
eddy currents induced by the plasma. Fields due to these eddy current effects cannot
be measured independently, but may be approximately inferred from OH tests: if
the distribution of eddy currents has a single dominant time constant this is a good
approximation, although the mutual inductance of the plasma to the eddy-current
is an adjustable parameter that must be determined. The correction is small except
when the plasma current is changing rapidly (as at the beginning of a shot), or when
the plasma poloidal field is small (such as the beginning and end of a shot).
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Compute the pickup loop signals due solely to current induced in the
EFi bias circuit: This is based on measurement of the signals induced
by the OH system multiplied by the ratio of the mutual inductances-
of OH-to-EF1 divided by Plasma-to-EFI.
Read the previously computed time constants
and amplitudes from files:
OH325TC.DAT-signals due to OH
with EF1 bias circuit connected
OC325TC.DAT-signals due to OH
with EF1 bias circuit open
Subtract the parameters to obtain those due
solely to the EF1 current;
Scale 1, by the relative mutual inductance;
Compute contribution to EF current signal;
Compute contribution to each pickup;
Add them to the "external" data array
Compute the pickup loop signals due to eddy currents simila
induced by the OH system, multiplied by the ratio of mutual
OH-to-eddy over Plasma-to-eddy (see text)
Read the previously computed time constants
and amplitudes from file OC325TC.DAT-
signals due to OH with EFI bias circuit opened
Scale I, by the relative mutual inductance;
Compute the contribution to each pickup loop;
Subtract the DC component of each;
Add results to the "external" data array
Return
Figure 5.5, continued; Subroutine IPCONTR is outlined.
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r to those
inductances
differences (AC component) and neglecting the DC component of the plasma current
signal, the appropriate pickup loop signals may be generated. A single adjustable
parameter arises: the ratio of the mutual inductance between the OH system and
the eddy current to the mutual inductance between the plasma and the eddy current,
MA'fp.ma,-eddy/MoH-edds.
This adjustable parameter may be determined by a variety of means. The most
reliable seems to be to generate a simulated version of the plasma position signal
obtained from a Cosine-Saddle measurement". By this method it is possible to re-
produce the independently measured data fairly accurately for a variety of conditions.
The optimum value of the parameter seems to drift from week to week, however; the
reason for this drift is unknown, but possibly due to mechanical effects in the magnet
structure.
5.3.3. EF Contributions to the External Field Signals
The EF system generates the vertical field which holds the plasma in radial
position equilibrium". Windings that generate this field are indicated in Figure
4.1. The current flowing in the EF1 coil is measured by a shunt as indicated in
Figure 4.2; current in EF2 is not directly measured, and must be unfolded from
the time behavior of the current in the shunt. Further, the EF system is coupled
to the aforementioned eddy currents; the combination of these effects results in a
time-dependent contribution to the pickup loop signals that must be determined.
Figure 5.6 contains a block diagram of the subroutine that computes pickup loop
contributions due to the vertical field current. Prior to the call to this subroutine, the
currents induced in the EF1 bias circuit by the OH system and the plasma have been
subtracted from the measured vertical field signal. As the first step of this subroutine,
that signal is filtered by a Gaussian filter (r a 1.5 ms), then the initial value of the
EF1 current is computed. This current is due to the bias supply, shown in Figure
4.2. Just before plasma initiation, the switch in series with the supply is opened
and the current flowing in LB, EF1, and RB exponentially decays to zero. Since
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Subroutine EFCONTR
Function: Called by subroutine EXTINTCON to compute the contributions to the
pickup coil signals due to the vertical field (EF) current.
Arguments: Measured data (with all currents that flow only in EF1, as computed
prior to the call to this subroutine, subtracted from the vertical field signal);
"External" data; Time during which to compute zero offset; Digitization rate;
EF current multiplier; Plasma initiation time.
Results: Returns array of "external" data with EF contributions added.
Precondition the EF current using a (noncausal)
Low-pass Gaussian filter, r ;: 1.5 ms;
Subtract the zero offset from the EF current signal
Determine the current flowing in the EF1 bias circuit
at the time of plasma initiation
Subtract this current, exponentially decaying after
plasma initiation, from the measured EF current signal
Compute initial conditions for pickup signals
due to the field from the EF1 bias current
Read the previously computed time constants and amplitudes
from file EF325TC.DAT
Compute contributions to each pickup loop from the measured EF current;
Add them to the "external" data array
Add contributions to the "external" data due
to the exponentially decaying EF1 bias current
Return
Figure 5.6 shows a block diagram outlining subroutine EFCONTR. This subroutine
is used to compute the contributions to the pickup loops due to a measured current
in the EF system. The EF time constant fit (in file EF325TC.DAT) is only valid for
current sourced by the EF power supply, and therefore all other components must be
subtracted out and their field contributions explicitly accounted for.
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this current flows only in the EF1 coil, it must be subtracted from the shunt signal
before processing the latter to obtain the pickup loop contributions. The predicted
loop signals are computed using the above-described backwards difference scheme,
and the exponentially decaying field contribution corresponding to the decaying EF1
circuit are added to each signal.
5.3.4 HF Contributions to the External Field Signals
The horizontal field system generates a field to control the vertical position of
the plasma. The Alcator C plasma is stable to up-down perturbations, but various
field systems have sufficient errors to generate components of field in the horizontal
direction of up to several milliTesla. As such, the HF system essentially nulls out the
net horizontal component of the magnetic fields in the vicinity of the plasma.
The field applied by the HF system is much smaller than other external fields,
and no time dependent penetration effects are computed. The straightforward addi-
tion of the horizontal field to the external field signals is described in block diagram
for in Figure 5.7.
5.4. Computation of the Outermost Flux Surface and Plasma Equilibrium
Quantities
This section describes the subroutines used to determine a locus of points defin-
ing the outermost plasma flux surface. These routines are invoked by the overall sub-
routine AFLSURF in order to ultimately plot the surface. The first, FIND-TANG,
finds an approximate point of tangency for a flux surface to the limiter, thereby de-
termining a unique surface that may be called the outermost plasma flux surface.
The second routine, SURFGEN, then computes a set of points (pi,ri) for which
'(kG., r) s 10o. Two schemes are used to actually do this, as embodied in the func-
tion AMU-S: in the first, the apprcximation described in Section 2.3 is used to quickly
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Subroutine HFCONTR
Function: Called by subroutine EXTINTCON to compute the contributions to the
pickup coil signals due to the horizontal field current.
Arguments: Measured data; "External" data; Time during which to compute zero
offset; Digitization rate; HF current multiplier.
Results: Returns array of "external" data with HF contributions added.
Read the previously computed amplitudes
from file CAMH511.DAT (G/kA)
Subtract the zero offset of the horizontal field current
Compute the contribution to each pickup signal;
Add them to the "external" data array
R, AReturn
Figure 5.7 shows an outline of subroutine HFCONTR. This subroutine computes
the contribution to each pickup coil signal to to a measured current flowing in the
horizontal field system, and adds it to the "external" data array. The horizontal field
is much smaller than other poloidal fields, and thus time dependent corrections due
to field penetration effects are negligible.
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return an approximate value of 1A = 1.(77), while in the second a binary search is per-
formed to find the location of the surface to within a specified tolerance.
Subroutine FIND.TANG determines the approximate point of limiter tangency;
its block diagram is shown in Figure 5.8. A trial surface that passes through an
initial approximation for the point of tangency and consisting of 24 points is first
computed. This initial approximation to the tangent point is the last such computed
by this subroutine if available, otherwise it is the outermost midplane point on the
limiter. Next, the point is found that is farthest outside the limiter on this surface.
A parabola is fit to the two adjacent points on the surface, and the location of its
extremum determined; this is assumed to result in the desired value of nr. The
approximation for 1iT is perfect if the flux surfaces are parallel; in general they are
close enough to parallel so that it is quite good, particularly since in processing a
plasma shot the point of tangency does not usually move very far between time
frames. If the plasma is very close to circular and quite well centered, however, the
point of tangency could move substantially, but in this case having a precise value for
r is relatively unimportant since the separation of the surface from the limiter varies
little as a function of 77. Once the value of 7T is determined, the function AMU.S
is iteratively called in order to determine the value of 1A for this surface. When the
approximate version of AMUS is used, this serves to determine the zeroth-order
value of M for the flux surface; when the exact AMUS is used this iteration could be
replaced by the coordinate transformation to obtain 1A from the minor radius of the
limiter, but since it adds an insignificant amount of overhead in this case the code is
not changed.
The subroutine to compute the flux surface defined as passing through a specified
point (for instance the point of tangency to the limiter) is actually trivial, its block
diagram being shown in Figure 5.9. A set of values of 17 is determined that correspond
to equispaced points around the perimeter of the pickup coil form. These then form
the argument to a repeated set of calls to function AMU.S, and the values of i, =
ys(qi) make up the computed result.
A block diagram of the approximate version of function AMUS is shown in
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Subroutine FIND.TANG
Function: Determines the coordinates of the point of tangency for the unique flux
surface which just touches the limiter. An initial appraximation for the point
of tangency is the computed point from the previous call, if available, otherwise
the outside midplane limiter point is used.
Arguments: IA, j7 for the point of tangency (aMup, Etal); po and a.L. for the toroidal
coordinate system; vector of internal harmonic amplitudes; vector of external
harmonic amplitudes; # of cosine harmonics; # of sine harmonics.
Results: Returns (IA, q) for the point of tangency between the flux surface and the
limiter. When the surface is ultimately determined, it will pass through this
point.
Generate a trial surface consisiting of 24 points that passes
through the initial approximation for the point of tangency
(Subroutine SurfGen)
Determine which of the 24 points is farthest outside the limiter radius;
Fit a parabola to the nearest 3 points; the location in 1 of the extremum
is assumed to be the same as the true value of 7 for the tangency point
Iteratively search for the value of ls :
0. Set p=initial approximation, i = location of the extremum.
1. Compute ;A for a surface that passes through (jp, 7i)
using function AMU.S.
2. Quit if this value of (I., vh) is within .1 mm of the limiter radius.
3. Determine the distance As past the limiter represented by this
value of u..
4. Set p, = p. - As and go to 1.
When done, set ,=
Return
Figure 5.8 shows the steps involved in computing the point of tangency of a flux
surface to the limiter, as embodied in subroutine FIND-TANG. The iterative scheme
usually converges to within .1 mm in less than 4 iterations, thus minimizing the
number of calls to the time-consuming function AMU-S. AMUS returns the value of
;, for a flux surface, given a value of n and a labelling point (Mp,77). This function
and subroutine SURFGEN are both described in subsequent pages.
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Subroutine SURFGEN
Function: Generate a set of points (i, mi) that lie on a flux surface, given a specific
point that the surface should pass through. (The flux surface is assumed to be
closed and approximately centered relative to the coordinate surface A& = po.)
Arguments: (p, i) = (aMup, Etal) = labelling point for the flux surface (this can be
any point which the computed surface should pass through); JAo and ascale for
the toroidal coordinate system; vector of internal harmonic amplitudes; vector
of external harmonic amplitudes; # of cosine harmonics; # of sine harmonics;
computed vector of -values for the surface; computed vector of q-values for
the surface; # of points to be found (NPItPts).
Results: Returns a set of NPltPts coordinate pairs (;i, ii) representing the flux
surface.
Compute each value of ni = equi-spaced points in 6,
as measured at the picup coil form.
For each value of (i compute p;) p,(77) using
function AMU-S
Return
Figure 5.9 shows the steps subroutine SURFGEN uses to generate an array of points
that lie on a flux surface. The function AMU.S returns the value of IA. for a flux
surface, given a value of 1 and a labelling point (p,, 7). The labelling point is
specified as an argument to subroutine SURFGEN: aMup,Etal.
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Figure 5.10. On the first call to this function, several factors used to normalize the
coefficients are computed and saved for use in this and all subsequent calls. For each
new value of p, (the zeroth order value of jy for this flux surface) new values of the
toroidal harmonics are computed. Finally the perturbation to the zeroth order value
of A is determined: AyA(n) - -(jp,,77)/"'(M,), and the sum m. ~~ p, + AA(7) is
returned. Note that AM(llo) is defined to be zero, so that the surface passes through
the point (p,, o). Equivalently, the reference value of 0 for this surface is defined to
be Oo = (p, 7o).
The exact version of function AMU.S is shown in block diagram form in Fig-
ure 5.11. In this case, the value of Oo = (jp,, 7,) is computed, then a binary search
in / is performed until O(p, r) - 7O - 0. The search is terminated when either the
interval in A has been narrowed to AM = .0004 (or Za ~ .1 mm), or when the dif-
ference ik(IA) - fo < 10-4'o; the resulting value of ; is then returned. This method
requires about a factor of six more CPU time than the apprcaimate version.
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Function AMU-S Approximate form
Function: Called by subroutines FIND.TANG and SURFGEN, returns an approxi-
mate value of p,. for a flux surface, given a value of 17 and any other labelling
point (p,, qo) which lies on the surface.
Arguments: Labelling value of g for the flux surface (14,); Value of 7 at which to
determine the result; Labelling value of q for the flux surface (77o); go and a8s,
for the toroidal coordinate system; vector of internal harmonic amplitudes;
vector of external harmonic amplitudes; # of cosine harmonics; # of sine
harmonics.
Results: Value of 1A = 1. for the given value of 7 on the flux surface.
On the first call, compute several normalization factors:
CC.P(n, po) for 0 < n # of harmonics; P, 1 1 2 (cosh u)
CC.Q(n,IAo) for 1 <n <# of harmonics; Q1_,/,(coshIp)
These are used by functions 4 and B,,.
For each new value of (ps,, 7?0), compute several intermediate
quantities used in the approximations:
P,1n 1 2 (coship,) for 0:5 n <# of harmonics
Q_ 1 1 2 (cosh p,) for 1 < n <# of harmonics
V'o = O(p, 77)
These are used by the functions 0 and B,,.
Compute 4 at A = p,, the first-order correction to the flux function:
(p,,7) = (Jp,,7) - Tko
Compute Bo, the zeroth-order magnetic field: Bo = B,, (pp,, 7);
Compute o'(p,) = - - sinhis Bo
Compute the first order correction to g = gp: A4 a:
Return the resulting approximate value for g: A, = A, + As
Figure 5.10 shows a block diagram of the approximate version of the function AMU.S.
As described in the text, this function rapidly computes a value of g = 14. for a given
flux surface accurate to first order in Ag. The approximation is good as long as the
flux surface is reasonably well centered within the coordinate surface g = p4o, i.e.
within the locus of the pickup coils.
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Function AMU.S Ezact form
Function: Called by subroutines FIND.TANG and SURFGEN, returns a value of ,
for a flux surface, given a value of q and any other labelling point (p,,7o)
which lies on the surface. The value of I., that is returned lies within a region
Ap = ±.0004 (Aa zs .1 mm) of the true location of the surface.
Arguments: Labelling value of g for the flux surface (IA,); Value of 77 at which to
determine the result; Labelling value of 17 for the flux surface (no); so and a~sc
for the toroidal coordinate system; vector of internal harmonic amplitudes;
vector of external harmonic amplitudes; # of cosine harmonics; # of sine
harmonics;
Results: Value of I = IA, for the given value of 17 on the flux surface.
Set up the common block that passes the arguments
that do not vary with I to function iks(I)
On the first call, compute several normalization factors:
CC.P(n, po) for 0 < n <# of harmonics; P-/ 2 (cosh A)
CC-Q(n, po) for 1 < n <# of harmonics; Q- 1 /2 (coshp)
These are used by functions 0 and B,,.
Compute ?ko, the value of ip at the point (p,,7o): iko = ik(pp,77o)]
Do a binary search in y for the location of (p, 77) - 10o = 0;
Stop when a) the binary interval AI < .0004, or
b) the difference ik(p) - 10o < 10-6 ko
Return the resulting value of A
Figure 5.11 shows a block diagram of the "exact" version the function AMU.S. This
function rapidly computes a value of u = ,. for a given flux surface that is guaranteed
to be within AM = .0004 (or Aa -, .1 mm) of the true location of the flux surface at
the given value of 17, by use of a binary search. The binary search method requires
substantially larger amounts of time than the method used in the approximate version
of this function.
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Chapter 6. Experimental Results
Experimental results from the pickup loop measurements are described
in this chapter. Typical raw data traces are presented in the first section, following
which data taken from a variety of modes of plasma operation. In particular, mea-
surements from ohmically heated plasmas are described in detail, along with examples
of RF heating, RF current drive, and frozen hydrogen pellet injection.
Results in this chapter are presented in pseudo-toroidal coordinates (r, 6) cen-
tered at (Ro, zo). In these coordinates an equation for the measured outermost flux
surface is
Nw
r.() = ao + E c cooni + Onsinn8,
n=1
where the units of a1 and 3,, are length. R0 , the major radius of this coordinate
system, is defined so that a, = 0; similarly 01 = 0 results in a value of zo, the distance
of its origin above the tokamak midplane. The rest of the terms are computed via
Fourier analysis of the distances to (RO, zo) from each point in the locus representing
the measured flux surface.
According to the above representation r, = ao = a is a circle that approximates
the measured flux surface (has the same average minor radius). Poloidal field har-
monics at the plasma surface were computed by Fourier analysis of the 8-component
of the magnetic field around this circular surface. In the following sections this field
is expressed as
NN
Be(a,O) = Za,,cosnO + bnsinnO
n=1
with a, and b, determined numerically from the measured fields in this region.
One quantity presented in this chapter bears some explanation. In a first-order
expansion of the Grad-Shafranov equation, non-uniform fields surrounding the plasma
contribute to the solution for the shape of the outermost plasma flux surface. The
homogeneous first-order portion of the Grad-Shafranov equation is"
1 C7 --N + 1 
- 0- 
--- (rBe) 0.
r 5; r - r r2 902 B- T.Xr r or
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Boundary conditions at the plasma surface require that solutions to this equation
match field harmonics in this region, through the relation Be = i. PerturbationsR .. rtrain
to the shape of the plasma surface are given by"1 Sr, = -(8Be,/B90)(?1?/'j,
where ?1.(r)esn are solutions to the above equation. If current flowing near the
edge of the plasma is neglected so that Be c BO 1 in this region, solution of the above
equation is straightforward, with the result that
Sr, I bBft
a n B0
The quantity (6r./a) / (6B,,/Bo) is presented in this chapter for a variety of shots,
and according to the linear first-order theory should equal -1/n. Since it does not
in general, it is likely that higher order terms in the solution to the Grad-Shafranov
equation are important to the plasma shape, at least for the small amount of noncir-
cularity present in Alcator C plasmas.
Errors can arise from several sources in the measurement of the fields. The
first is simple miscalibration of various signals. For the individual pickup loops, this
calibration is believed to be accurate to about .5%. The exact locus of the coil form
is unknown, however; in this work it has been assumed to lie on a circle whose center
coincides with the axis of the torus. Possible deviations of a millimeter, either in
noncircularity or shift from the central location, would not be surprising. While
the relative trends in the data are probably valid to a good degree, the absolute
numbers may be suspect by the above amounts. In particular, though the fourth
harmonics of plasma shape and poloidal field are presented in many cases below, the
author's belief is that their exact amplitudes are probably incorrect. The first three
harmonics seem to to be more accurate; qualitative estimates of the errors in these
signals are as follows, given the aforementioned caveats concerning the geometry: Oth
field harmonic, ±1% (this is the overall accuracy in determining the plasma current);
1st field harmonic, ±10 Gauss; 2d field harmonic, ±20 Gauss; 3d field harmonic,
±40 Gauss; 4th field harmonic, ±100 Gauss. Corresponding errors in the shape can
be computed from the formula (6r,/a) = -(1/n)(6B,/Bo) x (.194/a)". At 500 kA
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plasma current, errors in the 2d, 3d and 4th shape harmonics are ±.35 mm, ±.3 mm,
and ±.4 mm, respectively.
6.1. Raw Data
Typical raw data traces from the pickup loops are shown in Figure 6.1.1. The
twelve signals are plotted as functions of time, with the vertical axis representing
approaximately 2 Tesla full scale. As explained in Section 4.3, there is some amount
of toroidal field feedthrough that causes a time-varying baseline, and which must be
subtracted from each shot before processing; Figure 6.1.1 also shows the baseline data
for the above loop signals. Figure 6.1.2 is a plot of the loop data with the baseline
subtracted.
Data from the resistive shunt measurements of currents in the vertical field,
ohmic heating, and horizontal field systems are illustrated in Figure 6.1.3. (Figure
4.2 shows the locations of the shunts in the current paths.) As is apparent from the
figure, the data is somewhat noisy and must be processed to some extent before it
can be used by the codes described in Chapter 5. The noise consists primarily of
individual spikes, and is therefore fairly easy to remove by use of a median filter1 .
Results of this operation are shown in Figure 6.1.3b; the small spikes remaining on
the horizontal field current signal are unimportant in the magnetic analysis due to
the small contribution of the horizontal field to the final sum.
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Figure 6.1.1. Raw data traces from the pickup loops are shown above. The upper
set of traces arises from a typical plasma shot, while the lower set is the time-varying
baseline due to feedthrough of the toroidal field.
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Figure 6.1.2. Measured pickup loop data of Figure 6.1.1 is shown with the baseline
subtracted.
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Figure 6.1.3. Measured currents flowing in the vertical field (2), ohmic heating (3)
and horizontal field (4) systems are shown before and after processing to remove the
noise spikes.
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6.2. Measured Vacuum Fields
The pickup loops have been used to measure the poloidal fields arising sepa-
rately from the vertical, horizontal, ohmic, and toroidal field systems. (The latter has
a stray field component due to a net single turn of current in the TF magnet.) These
fields are shown in Figure 6.2.1 for DC currents flowing in each set of windings. Note
that effects explained in Section 4.3 cause the AC fields to depart somewhat from
those in the figure, but the general shapes of the fields are not significantly different
except for that from the OH system. In this case, the location of the field null is
shifted towards the outside of the vacuum chamber.
Time dependent field effects are important during the initial gas breakdown of
the plasma, or for several milliseconds after commutation of the OH current. (Toka-
mak operation is briefly explained in Section 4.1.) Vacuum field contours are shown
in Figure 6.2.2a at 1 ms after commutation, while Figure 6.2.2b shows contours of
IBI. A quadrupole null is observed near the center of the vacuum chamber, with
a surrounding region approximately 1 cm in diameter in which the field strength is
less than 5 Gauss. Figure 6.2.3 shows the breakdown null for the "reversed" toroidal
field case, where the current in the single turn of the TF magnet is anti-parallel to
the plasma current. Here the surrounding 5 Gauss region is approximately 2 cm in
diameter, although the general character of the field null is approximately the same.
The plots in Figures 6.2.2 and 6.2.3 show the total external field as measured
by the loops; field contributions, except for those due to induced bellows current, are
from external currents only. The external fields are due to currents in the OH system,
horizontal and EF1 vertical field coils, the TF magnet single turn, and whatever
eddy currents are induced in the machine structure. The bellows field is a relatively
small contribution, being typically 20 per cent of the largest signal. The current in
the bellows is modelled as being evenly distributed through the bellows, and thus
contributing a field J ; iBo(l - Acoas), which is subtracted before the signals are
processed. In this way, the difficulties of computing fields due to rapidly changing
external currents discussed in Section 4.3 are avoided, since actual measurements of
the external fields are used to generate the field plots.
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In operation, the EF1 and horizontal fields are adjusted to approximately cancel
the TF stray field; if this is accomplished, fields due to the OH system, induced eddy
currents and the induced currents in the EF1-L-R circuit (see Figure 4.2) combine to
result in the field nulls near the center of the vacuum vessel shown in Figures 6.2.2
and 6.2.3. The character of these nulls doesn't change appreciably for ±20% variation
in the applied EFI bias current, although their positions move slightly.
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Figure 6.2.1. Measured vacuum fields from each set of windings in the poloidal field
system are shown in this figure: a) The steady state vertical field.
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Figure 6.2.1b. Measured vacuum fields: the steady state horizontal field.
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Figure 6.2-1c. Measured vacuum fields: the steady state ohmic heating field. The ge-
ometry of the field windings is designed to produce the field null; AC field penetration
effects cau~se the location of the null to move towards a larger major radius.
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Figure 6.2.1d. Measured vacuum fields: field arising 
from the single turn of current iII
the toroidal field magnet. This field was measured by use 
of a set of electron beam"
during a series of vacuum field tests.
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Figure 6.2.2b. $1contours for the field null at plasma breakdown ("normal" TF
direction).
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Figure 6.2.3a. The measured field null occurring at plasma breakdown, or about I
ms after commutation, is shown in this figure; on the next page contours of constant
HBI are shown. The toroidal field is in the "reversed" direction, or with the stray
component roughly anti-parallel to the applied equilibrium vertical field.
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Figure 6.2.3b. IB contours for the field null at plasma breakdown ("reversed" TF
direction).
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6.3. Ohmically Heated Plasma Operation
A typical ohmically heated plasma shot is illustrated in Figure 6.3.1. Plasma
current is the first trace in the figure, with q. = 3.06 for this shot. (Values of q
quoted in this chapter are the cylindrical q., calculated at the minor radius of the
flux surface determined from the measurement.) Also shown in the figure are plasma
soft X-ray and neutron emission signals; sawteeth are visible on these two signals
during most of the flattop portion of the discharge. The last trace shown is the
density interferometer signal. Each fringe in this signal represents .56 x 1020 m-3
in the line averaged density, with the peak f. for this shot being approximately
1.35 x 1020 m- 3 . Both the soft X-ray and interferometer signals are taken from
chords passing vertically within appraximately 1 cm of the center of the discharge.
The second trace in Figure 6.3.1 is the plasma radial position deduced from
a cosine-saddle magnetic measurement. Expansions of the fields surrounding the
plasma to first order in a/R are used in conjunction with measurements of the 1st
harmonic of the 4 and i components of the field to compute this signal". In general
this measurement agrees within several millimeters with the geometrical position of
the outer flux surface determined by the pickup loops. Discrepancies are due in
part to difficulties in determining the exact applied fields from measured currents
as discussed in Section 4.3, for instance when the second time derivatives of the
poloidal field currents are large, or when these currents are changing rapidly as at the
beginning of the discharge. In addition, second-order effects and undetected change
in the stray field from the TF magnet single turn may also contribute differences.
Several signals deduced from the pickup loop measurement are shown in Fig-
ure 6.3.2. The plasma current signal shown in Figure 6.3.2a is determined from f §.d!
around the computed surface at each time frame during the plasma shot. Figures
6.3.2b and c show the radial and vertical positions of the geometrical center of the
measured flux surface, while Figure 6.3.2d shows a simulation of the cosine-saddle
position signal of Figure 6.3.1; this signal was generated by calculating integrals of
B,7 and B, from the pickup loop measurement over the theoretical loci of the cosine
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and saddle loops. Since cosine contributions are somewhat less than saddle to this
signal, this comparison is a fairly sensitive test of the accuracy with which the first
harmonic of the total field structure in the vicinity of the pickups has been deter-
mined. That is, the pickup loops (the sensitivities of which are parallel to that of
the cosine loop) are used to infer a set of harmonic amplitudes, which in turn deter-
mine the unmeasured component of the field, which in turn is used to compute the
simulation of the cosine-saddle signal.
Figure 6.3.2e shows the quantity 3, + 4i/2 determined from the first harmonic
of the poloidal field at the plasma surface. To first order in e = a/R, the poloidal
field is assumed to vary as" Bo(a) = Bo(1 + eA cos 0), where A = o, + I4/2 - 1
and Bo = pI,/(27ra). Also shown in this figure is an estimate of tj/2 based on
the combined assumptions of a Gaussian temperature profile and Spitzer resistivity.
These two assumptions result in t4/2 being a function only of the Gaussian width of
the temperature profile aT, which in turn depends only on q./qo; this is the quantity
ifS/2 described more fully in Section 6.4.1. qo = q on axis is assumed to equal 1
during the sawtoothing portion of the discharge. Figure 6.3.2f shows the resulting
value of O, once the modelled internal inductance is subtracted from the A +1 signal.
Flux surfaces at several times during the plasma shot described above are shown
in Figure 6.3.3. Errors in the measurement and in the computed external field contri-
butions result in apparent high-n harmonics, which, when extrapolated inward from
the loops give rise to distortions in the "measured" flux surface. High-n errors are
most significant due to their dependence on (cosh 1)' as y increases, or in a cylindrical
approximation on (b/r)' as r decreases. This dictated the choice of four harmonics
for most of the surfaces shown in Figure 6.3.3. At low plasma currents, this effect
seems to be more apparent, and there may in fact be an indication of a problem
with the surface for t = 550 ms (I, ; 70 kA), near 9 = -27r/3. Further, only three
harmonics were included for the final surface shown, at t = 570 m3 (I, 1 40 kA).
Quantitative dependence of the harmonic content of the flux surface shape on plasma
current is presented in the next sections of this chapter.
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6.3.1. Ohmic Operation with the Toroidal Field in the "Normal"
Direction
Plasma surface shape and field harmonics were analyzed for data from shots
50-74 on July 19, 1984. The toroidal field for these shots was 8 Tesla in the "normal"
direction, with the TF magnet single current turn parallel to the plasma current
(the stray field from the TF magnet is roughly parallel to the applied equilibrium
vertical field). Results for a typical shot are presented as functions of time, followed
by a summary of like results for the whole series. In these shots, plasma current
was varied from approximately 180 to 570 kA, and flux surface data computed for
a period of time including the flattop portion of each discharge. Each point in the
figures represents an average in time over at least one cycle in the line frequency,
taken near the end of the flattop.
Magnetic field harmonic amplitudes near the plasma surface are plotted as func-
tions of time in Figure 6.3.4 for the plasma shot shown in Figure 6.3.1. These were
computed on a circle of minor radius a = a0 equal to the average minor radius of
the outer plasma flux surface, as described the introduction to this chapter. The 8
component of the poloidal field is represented as Be(a, 8) = , a,, cos n1 + bn sin nO;
a, through a4 and bi through b4 are plotted as functions of time in the figure. Mag-
nitudes of each field harmonic normalized to Bo = poI,/(27rao) are plotted against
time in Figure 6.3.5. Note that in this case, the first normalized cosine harmonic
ai/Bo = (a/R) x (.3, + t;/2 - 1) + O(a2/R 2 ).
As described above, the shape of the outer flux surface may be expressed r, =
ao+E"2(a,, cos ni+,3,, sin n8). For the shot of Figure 6.3.1, a,, and )3, are plotted as
functions of time in Figure 6.3.6. Again, (Ro, zo) of this coordinate system is adjusted
so that the amplitude of the first harmonic in the Fourier expansion of the shape is
zero, so only harmonics 2 through 4 of the series R. (9) = a, cos n8 + 0,, sin ni are
plotted.
Data from the latter two figures is combined in Figure 6.3.7; shape harmonics
normalized to the minor radius are divided by field harmonics normalized to B 0 =
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1O1,/(21ra) and plotted versus plasma current. This is the quantity (6r,/a)/(bB,1 /Bo)
described in the introduction to this chapter; as is apparent from the figure these
quantities are not in general equal to the value -1/n expected from the linear first-
order theory. In addition, small values of the denominators in the cos 40 and sin 20
ratios result in large excursions in these two quantities, and therefore they are not
shown.
A summary of data similar to that of Figures 6.3.4 through 6.3.7 but taken
from the fiattop portions of 21 shots is presented next. Magnetic field harmonic
amplitudes near the plasma surface are plotted as functions of plasma current in
Figure 6.3.8. Shape harmonics for these shots are shown in Figure 6.3.9. The ra-
tios of the normalized harmonics are in shown in Figure 6.3.10; (a,/cto) / (a,/Bo)
and (O./co) / (b,,/Bo) are plotted against plasma current. These are the quantities
(br,/a)/(6B,,/Bo) described in the introduction; instead of being fixed values, how-
ever, the ratios for the 2d and 3d harmonics tend to vary over some range. Indeed,
the fact that there is a finite shape perturbation for appraximately zero sin 20 com-
ponent of the field leads to very wide variation of this ratio. The 4th harmonic ratio
does tend to be a constant value, although not -. 25.
There is a larger range of variation in the relative normalized cos 20 harmonic
(a 2 /C(o) / (a 2/Bo) than in the other well behaved ratios (i. e. not sin 20). Since a
second-order solution to the Grad-Shafranov equation is now being developed', the
second harmonic is plotted in more detail in Figure 6.3.11. Figure 6.3.11a shows
(a 2 /ao) / (a2/Bo) plotted against q., while Figure 6.3.11b shows the same quantity
plotted against A +1 = #, + t4/2. Finally, Figure 6.3.12 shows a plot of #, + t4/2
vs. q. for this set of shots. The data in this figure are discussed more completely in
Section 6.4 on regression analysis.
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Figure 6.3.1. A typical ohmically heated plasma shot is illustrated above. Plasma
current, position, soft X-ray and neutron emmission, and density interferometer Sig-
nals are plotted against time; these traces are explained in the introduction to Section
6.3.
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against time. a) Plasma Current, b) Major Radius, c) Vertical Position, d) Simulated
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Figure 6.3.4a. Magnetic field harmonics (cos 8, 28, 38, 49) are plotted as functions of
time for the shot of Figure 6.3.1. ("Normal" TF field direction)
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Figure 6.3.4b. Magnetic field harmonics (sin 6, 28, 36, 46) are plotted as functions of
time for the shot of Figure 6.3.1. ("Normal" TF field direction)
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Figure 6.3.5b. Magnetic field harmonics (sin 9, 29, 30, 49) are normalized to Bo =
,AoI,/(27ra) and plotted as functions of time for the shot of Figure 6.3.1. ("Normal"
TF field direction)
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Figure 6.3.6a. Plasma surface shape harmonics (cos 29, 39, 49) are plotted as functions
of time for the shot of Figure 6.3.1. As explained in the introduction to chapter 6, the
major radius of the origin of the coordinate system is adjusted to make the amplitude
of the first shape harmonic (cos 9) equal to zero. ("Normal" TF field direction)
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Figure 6.3.6b. Plasma surface shape harmonics (sin 29, 39, 49) are plotted as functions
of time for the shot of Figure 6.3.1. As explained in the introduction to chapter 6.
the vertical position of the origin of the coordinate system is adjusted to make the
amplitude of the first shape harmonic (sin 9) equal to zero. ("Normal" TF field
direction)
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Figure 6.3.7a. Plasma shape cosine harmonics, normalized to the minor radius, are
divided by the normalized field cosine harmonics and plotted as functions of time.
Since the denominator of the 4th harmonic ratio is close to zero, this ratio has a large
variation and is therefore not shown. These are the quantities (6 r,,/a)/(6B,/Bo)
described in the introduction to Chapter 6, and according to the linear first order
solution of the Grad-Shafranov equation should equal -1/n. ("Normal" TF field
direction)
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Figure 6.3.7b. Plasma shape sine harmonics, normalized to the minor radius, are
divided by the normalized field sine harmonics and plotted as functions of time. Since
the denominator of the 2d harmonic ratio is close to zero, this ratio has a large
variation and is therefore not shown. These are the quantities (6rs/a)/(6B,B/ ,)
described in the introduction to Chapter 6, and according to the linear first order
solution of the Grad-Shafranov equation should equal -1/n. ("Normal" TF field
direction)
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Figure 6.3.8b. Magnetic field harmonics (sin 0, 29, 30, 49) are are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. ("Normal" TF field direction)
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Figure 6.3.9a. Plasma surface shape harmonics (cos 29, 30, 49) are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. As explained in the introduction to chapter 6, the major radius of the origin
of the coordinate system is adjusted to make the first shape harmonic (cos 6) equal
to zero. ("Normal" TF field direction)
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Figure 6.3.9b. Plasma surface shape harmonics (sin 20, 38, 48) are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. As explained in the introduction to chapter 6, the vertical position of the origin
of the coordinate system is adjusted to make the first shape harmonic (cos 8) equal
to zero. ("Normal" TF field direction)
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Figure 6.3.10a. Plasma shape cosine harmonics, normalized to the minor radius, are
divided by the normalized field cosine harmonics and plotted as functions of plasma
current. These are the quantities (6r,/a)/(6B,/Bo) described in the introduction to
Chapter 6, and should equal -1/n according to the linear first order solution of the
Grad-Shafranov equation. ("Normal" TF field direction)
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Figure 6.3.10b. Plasma shape sine harmonics, normalized to the minor radius, are
divided by the normalized field sine harmonics and plotted as functions of plasma
current. These are the quantities (6r,/a)/(B,/Bo) described in the introduction to
Chapter 6, and should equal -1/n according to the linear first order solution of the
Grad-Shafranov equation. ("Normal" TF field direction)
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Figure 6.3.11b. The cos29 harmonic ratio from Figure 6.3.10 is plotted against 3, -
ti/2 deduced from the pickup loop measurement (see Figure 6.3.12). ("Normal" TF
field direction)
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Figure 6.3.12. p + ti/2 is computed from the first harmonic of the fields surrounding
the plasma, and plotted against q. ("Normal" TF field direction)
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6.3.2. Ohmic Operation with the Toroidal Field in the "Reversed"
Direction
The analysis described in Section 6.3.1 was repeated for a series of shots with
the toroidal field reversed (shots 10-29 on May 25, 1984). In this case, the direction
of the stray field from the TF single turn is roughly opposite that of the equilibrium
vertical field. Due to the difficulty in obtaining baselines and the fact that reversed
field operation is unusual, only a limited range of currents is available for analysis.
However, for ease of comparison, these are plotted on the same scales as were used
in Section 6.3.1.
Field harmonics computed on the circular surface r = ao = a are plotted ver-
sus plasma current in Figure 6.3.13. The surface shape harmonics a,, and 0, are
plotted in Figure 6.3.14 also against current, while relative normalized harmonics
corresponding to (6r,/a) / (6B,/Bo) are shown in Figure 6.3.15. As in "normal"
toroidal field operation, variation of the cc. 29 relative normalized harmonic is greater
than that of the others, and this quantity is plotted in Figure 6.3.16 against q. and
,3, + Ii/2. Though the range of plasma currents analyzed was much more limited
than in the "normal" TF case, these points show a much stronger dependence on q.
(or on 3, + ti/2), and the net variation in the reversed field data is almost the same.
Finally, j3, + ti/2 is plotted against q. in Figure 6.3.17; its dependence is also steeper
than that of the "normal" TF data.
109
Field
2 0 0
100 -
0
-100
-200
-300
-400 L
100
Harmonics vs. Plasma Current
*cos 20
A cos 30
a cos 46
Jb4A
200 300 400 500
Plasma Current, kA
600
Figure 6.3.13a. Magnetic field harmonics (cos 9, 29, 39, 40) are measured during the
plasma current flattop and plotted as functions of plasma current for a series of shots.
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Figure 6.3.13b. Magnetic field harmonics (sin 0, 29, 30, 49) are are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. ("Reversed" TF field direction)
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Figure 6.3.14a. Plasma surface shape harmonics (cos 29, 38, 40) are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. As explained in the introduction to chapter 6, the major radius of the origin
of the coordinate system is adjusted to make the first shape harmonic (cos 9) equal
to zero. ("Reversed" TF field direction)
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Figure 6.3.14b. Plasma surface shape harmonics (sin 29, 39, 49) are measured during
the plasma current flattop and plotted as functions of plasma current for a series of
shots. As explained in the introduction to chapter 6, the vertical position of the origin
of the coordinate system is adjusted to make the first shape harmonic (cos 9) equal
to zero. ("Reversed" TF field direction)
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Figure 6.3.15a. Plasma shape cosine harmonics, normalized to the minor radius, are
divided by the normalized field cosine harmonics and plotted as functions of plasma
current. These are the quantities (6r?,/a)/(bBI/Bo) described in the introduction to
Chapter 6, and should equal -1/n according to the linear first order solution of the
Grad-Shafranov equation. ("Reversed" TF field direction)
114
0
0
* cos 29
A cos 38
a cos 40
0-
ei
At
500
kA
600
Relative Normalized Harmonics vs.
Plasma Current
(sHAO525HI 329 )
300 400
Plasma Current, kA
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Figure 6.3.16a. The cos29 harmonic ratio from Figure 6.3.15 is plotted against qg,
the minor radius safety factor. ("Reversed" TF field direction)
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6.3.3 Ohmic Operation with the 12.5 Centimeter Limiter
Data is available from Alcator C operation with a 12.5 centimeter limiter in-
stalled. However, the configuration of the ohmic heating system was slightly different
from that for which AC field effects were measured, so errors in the computed fields
may be present. To the extent these errors occur, they are most significant when the
plasma fields are small compared to the AC components, for instance during the cur-
rent rampdown at the end of the shot. Measurements taken during the plasma current
flattop should still be valid, however. Further, only three harmonics were included
for results presented in this section; inclusion of the fourth resulted in significantly
distorted surfaces.
Plasma current, position, soft X-ray and neutron emission, and line-average
density are shown in Figure 6.3.18 for a typical shot with the 12.5 cm limiter. These
traces are described in detail at the beginning of Section 6.3; however, for the smaller
limiter, each interference fringe in the density signal represents .75 x 1020 m-3 .
Several signals computed from the pickup loop measurement of the magnetic
fields are shown in Figure 6.3.19. The plasma current, calculated from f d. d around
the flux surface, is plotted against time, along with the position of the geometric
center of the computed flux surface. A simulation of the cosine-saddle position signal
determined from the measured fields is also shown for comparison to the true signal in
Figure 6.3.18. Finally, the measured value of f, + 4I/2 is plotted against time; Ii/2,
computed from an assumed current profile during the sawtoothing portion of the
discharge, is shown on the same axes. The difference of these two signals represents
the estimate of j3, shown in the last trace. (These signals are described in more detail
in the first part of Section 6.3.)
Flux surfaces computed at several times during the plasma shot of Figure 6.3.18
are shown in Figure 6.3.20. For this shot, field harmonics computed on the circular
surface r = ao = a are plotted in Figure 6.3.21 versus time; the same harmonics
normalized to Bo = poIp/(2ira) are shown in Figure 6.3.22. Harmonics in r,(0) - a,
the deviation of the plasma surface from circular, are plotted in Figure 6.3.23.
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Figure 6.3.18. A typical ohmically heated plasma shot with the 12.5 cm limiter
installed is illustrated above. Plasma current, position, soft X-ray and neutron em-
mission, and density interferometer signals are plotted against time; these traces are
explained in the introduction to Section 6.3.
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Figure 6.3.19. Several signals deduced from the pickup loop measurement of the fields
surrounding the plasma are plotted against time for the 12.5 cm plasma of Figure
6.3.18. a) Plasma Current, b) Major Radius, c) Vertical Position, d) Simulated Cos-
Sad Position (for comparison to the second trace of Figure 6.3.18), e) ti/2 + f3p,
together with t,/2 from model profiles, and f) , obtained from the difference of the
two signals in e are shown above. 121
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Figure 6.3.20a-d. Flux surfaces determined from the pickup loop measurement are
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at the (Circular) Plasma Boundary
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Figure 6.3.21a. Magnetic field harmonics (cos 6, 29, 39) are plotted as functions of
time for the shot of Figure 6.3.18. (12.5 cm limiter)
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Field Sin Harmonics # 1,2,3 vs. time
at the (Circular) Plasma Boundary
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Figure 6.3.21b. Magnetic field harmonics (sin 0, 26, 30) are plotted as functions of
time for the shot of Figure 6.3.18. (12.5 cm limiter)
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Relative Field Cos Harmonics # 1,2,3 vs. time
at the (Circular) Plasma Boundary
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Figure 6.3.22a. Magnetic field harmonics (cos 9, 29, 30) are normalized to BO =
AoI,/(27ra) and plotted as functions of time for the shot of Figure 6.3.18. Note that
the first harmonic a1 /Bo = (a/R) (,3, + e,/2 - 1) + O(a 2 /R 2 ). (12.5 cm limiter)
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Figure 6.3.22b. Magnetic field harmonics (sin 9, 29, 39) are normalized to B) =
IoIp/(27ra) and plotted as functions of time for the shot of Figure 6.3.18. (12.5 cm
limiter)
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Figure 6.3.23a. Plasma surface shape harmonics (cos 29, 38) are plotted as functions
of time for the shot of Figure 6.3.18. As explained in the introduction to chapter
6, the major radius of the origin of the coordinate system is adjusted to make the
amplitude of the first shape harmonic (cos 6) equal to zero. (12.5 cm limiter)
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Figure 6.3.23b. Plasma surface shape harmonics (sin 29, 39) are plotted as functions
of time for the shot of Figure 6.3.. As explained in the introduction to chapter 6,
the vertical position of the origin of the coordinate system is adjusted to make the
amplitude of the first shape harmonic (sin 9) equal to zero. (12.5 cm limiter) direction)
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6.4. Regression Analysis of Ohmic Data
The quantity 0r + t,/2 is plotted as a function of q. in Figure 6.4.1. The points
in this figure are each taken from the flattop portion of a plasma shot on either May
10, 1984 or July 19, 1984; every shot is included for which there was a baseline. Data
in the figure is from plasmas with line averaged densities ranging from .6 x 102 0M- 3
to 2.7 x 10 2 Om- 3 (see Table 6.4.1). It is apparent from the figure that a fairly good
estimate of O, + I,/2 would be provided by a simple straight line fit to the data. Such
a fit, P = .434+ .133 q., is also shown in the figure.
Table 6.4.1 lists data for the shots plotted in Figure 6.4.1. Entries in the table in-
clude the plasma current, )3, + t/2, q., R, and z from the pickup loop measurement,
along with the resistive loop voltage V, line averaged density ft., and the measured
Zey (from plasma bremsstrahlung emission13 ). Data from the electron cyclotron
emission diagnostic is also presented, although this information was not considered
reliable enough to use in the regression analysis". Inspection of Table 6.4.1 reveals
that at least some of the scatter in the data of Figure 6.4.1 is associated with variation
in density. For instance, the series of points with 5 < q. < 5.5 for which the data
varies over .92 < O, + 4/2 < 1.17, is from shots with densities ranging from .6 to
1.7 x 102Om-3. With the goal of eliminating some of the variation about this fit, a
multi-variable regression analysis was undertaken and is described in this section.
6.4.1 Predictor Variables
A number of physical quantities from the plasma shots formed inputs to the re-
gression scheme. Simple independent variables were q., n,, V, Zf from Table 6.4.1.
Also included were several composite variables: 1!'/ 2 as an estimate of plasma inter-
nal inductance, TSP as an estimate the central electron temperature, and "" and
3SP as two separate means of estimating the poloidal beta. The composite variables
are computed from semi-empirical scalings for Alcator C density and temperature
profiles as described below.
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The estimate of the internal inductance, lI'/2, is based on the observation that
the temperature profile is well approximated by a Gaussian, and on the assumptions
that the electric field is constant across the plasma and that Spitzer resistivity deter-
mines the current profile. In this case, the current profile is given by J = Joe-'s /ar ,
where aT is the width of the temperature profile. The plasma internal inductance
then depends only on aT:
2 ~~~ - 54/4
(1 - e -5r / r
Since Jo = 2BT/(AoRqo), where BT is the toroidal field and qo the safety factor on
axis, aT may in turn be determined from the ratio q./qo by integrating over J(r) to
obtain the total current. aT then satisfies the equation
a2  2 c152a
4~ 3 go
The estimate of the central electron temperature TSOP is computed based on the same
assumptions of Spitzer resistivity and constant electric field. The resulting formula
for the electron temperature on axis is
T(keV) =(Zd log A BT 2/3
61.3 qo V )
where log A z 15 is the Coulomb logarithm. Combined with the equation for aT
above, this value for the central electron temperature allows an equation for the
electron energy confinement time to be derived,1 ,
(lo ) 2,3 R2 q0,3 3qo _a\r .0139 , (Ze log A V B1 3  2 q
representing total kinetic energy in the electrons divided by the ohmic input power.
For the purposes of the regression analysis, the plasma ion energy content was as-
sumed to equal the electron energy, so that the total energy confinement time is
SP ,sp (1+ :nT) ) =2 SO.
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The average plasma energy density may be computed from the confinement time
by the formula 1(nK(T. + T)) = rgP,/Vol, where Pi, is the ohmic input power to
the plasma. An equation for the poloidal 0 is then
3 =4 V q., rsPpssp
P 3 r a2 BT
Alternatively, the "neo-Alcator" scaling law for the confinement timel could be used
for rs in the above equation. In this case on"o is obtained by replacing rSP by
= .19 ft, a" R
In order to broaden the data base, a composite estimate of Zjy was developed for
use with shots from which Zf data is not available. This phenomonological estimate
was obtained by analysing the 34 shots with valid Zf data using the same overall
regression techniques described below. The resulting approximation is
Z ''= 1.25 - .259q - .71i, + .41V + 1.61(13, + t/2).
Over the limited data set and range of plasma parameters for which this approxima-
tion is applied its use is probably justified a priori however as discussed in Section
6.4.3, the resulting regression fit to 0, + Ii/2 forms an a posteriori case for its use as
well.
6.4.2 Regression Algorithm
Stepwise multiple regression of the data listed in Table 6.4.1 was undertaken
using the technique described by Draper and Smith and implemented in the IMSL
subroutine RLSTP "'. Each of the variables described above formed an input to the
subroutine; equal weighting was ascribed to each data point. This stepwise regression
scheme enters or removes variables one at a time according to a partial F-test. Draper
and Smith describe it as follows:
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First we select the Z most correlated with Y (suppose it is ZI) and And the first-order, linear
regression equation ? = f(ZI). We check if this variable is significant. If it is not, we quit
and adopt the model Y = Y as best; otherwise we search for the second predictor variable
to enter regression. We examine the partial correlation coefficients of all the predictors not
in regression at this stage, namely ZI, j A 1, with Y; that is, Y and ZI are both adjusted
for their straight-line relationships with ZI, and the correlation between these adjusted
variables is calculated for all j $ 1. ... The Zj with the highest partial correlation
coefficient with Y is now selected, (suppose this is ZI) and a second regression equation
i = f(ZI, Z2) is fitted. The overall regression is checked for significance, the improvement
in the R 2 value is noted, and the partial F-values for both variables now in the equation
(not just the one most recently entered) are examined. The lower of these two partial F's
is then compared with an appropriate F percentage point, and the corresponding predictor
variable is retained in the equation or rejected according to whether the test is significant
or not significant. This testing of the "least useful predictor currently in the equation"
is carried out at every stage of the stepwise procedure. A predictor that may have been
the best entry candidate at an earlier stage may, at a later stage, be superfluous because
of the relationships between it and other variables now in the regression. To check on
this, the partial F criterion for each variable in the regression at any stage of calculation
is evaluated, and the lowest of these partial F-values (which may be associated with the
most recent entrant or with a previous entrant) is then compared with a pre-selected
percentage point of the apporpriate F-distribution. ... If the tested variable provides
a nonsignificant contribution, it is removed from the model and the appropriate fitted
regression equation in then computed for all the remaining variables still in the model.
The best of the variables not currently in the model (i.e. the one whose partial correlation
with Y given the predictors already in the equation is greatest) is then checked to see if it
passes the partial F entry test. I it passes it is entered, and we return to checking all the
partial F's for variables in. If it fails, a further removal is attempted. Eventually... when
no variables in the current equation can be removed and the next best candidate variable
cannot hold its place in the equation, the proce stops.1
For the regression analysis of the 3, + 4/2 data, F-to-include and F-to-remove
were set to the same number. This was input to the subroutine as a percentage point
ai representing the argument to the partial F-test, F(vi, v2I, 1- ai). A small as-value
causes the algorithm to attempt to use as few independent variables as possible to
explain the variation in the data, while an ar-value near 1 causes it to try to include
all or nearly all available variables. That is, for a, << .01, independent variables
must be very highly correlated with the dependent variable in order to be selected
for the regression, while ai Z .3 allows independent variables that are only loosely
correlated with the dependent variable to be used in the regression equation as the
algorithm attempts to reduce the variation about the fit.
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6.4.3 Regression Results
Two general classes of regression analysis were performed on the 3, +e,/2 data.
In the first, only 34 data points for which a valid Ze was available were considered.
As described below, the range of ai-values that results in a three parameter model is
.0007 < ai < .03 in this case. For the second class, missing Zf data are interpolated
from the data base, allowing all 52 data points to be included in the regression and
therefore a broader data base. In this situation ai could be chosen from an extremly
wide range, .0001 < ai < .6, with the same three predictor variables being selected
by the algorithm.
The simplest model resulting from the 34 point analysis has two predictor vari-
ables, q. and /?., and was selected by the stepwise regression procedure for a-
to-include values of less than .0008. In this case the regression equation for Y =
estimated /3, + I;/2 is given by
Y = .575 +.0355 q, + 1.038,3S".
For .0008 < ai < .03, the best fit also included the loop voltage as a parameter:
Y = .402 +.0598 q. +.764 t3' +.0660 V.
For higher ai-values, in the range .04 < ai < .25, two additional variables were
selected by the algorithm for the regression equation. (For reference purposes that
equation is Y = 1.210 + .0817 q. + .379 35P - .185 V + .473 Zf - .780 Ti'.) For
the reasons given at the end of the last section this model is probably not as useful
for general prediction as are the previous two.
When interpolated values of Zf are used to supplement the 34 data points
as described above, the algorithm selects a model for .0001 < a, < .6 having three
parameters:
Y = .342+ .0553 q. + 1.007 )3s + .0757 V
The- coefficients in this regression are fairly similar to those in the three parameter
model from the 34 point regression above. As explained at the end of Section 6.4.1,
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the wide range for a-to-include that results in the same model makes it likely that
these are the only predictor variables that should be included in the final regression
equation. Therefore, this model is felt to be the best that can be derived from linear
analysis of the data of Table 6.4.1. Plots of the residuals ej = {, + ei/2}1 - i
against each of the variables in this model are shown in Figure 6.4.2. Also shown are
residuals plots for variables that were discarded as nonsignificant by the regression
algorithm. The variation about the fit has been reduced from the range (-.2, +.1)
for most of the data in Figure 6.4.1 to approximately t.04. (Again for reference
purposes, an ai-value greater than .6 for the analysis of the 52 data points resulted
in five independent variables being included in the regression model: Y = .662 +
.0502 q. + 1.046 /3' + .158 Zjr - .0217 fi, - .274 Tsp.)
6.4.4 Caveats for the Regression Analysis
Several caveats concerning this regression analysis should be noted. The den-
sity and q. data sets were not entirely orthogonal, as the density tended to be higher
at lower values of q.. This parameter space is plotted in Figure 6.4.3. The q. - 05P
parameter space is also shown in the figure; due to the factor of q. in the numerator
of the expression for i3, these variables tended to be even more covariant. However,
within the context of the linear regression models presented above, these variables
seem to be sufficiently uncorrelated to afford reasonably accurate estimates of the
coefficients.
However, this points up the second caveat: that although the model is linear in
q., equally good or better fits seem to obtain for (q.)*, .9 < z < 1.6. The bulk of the
data lies in the region 2.9 < q. < 6, or in the neighborhood of q. ;z 4.5 x (1 ± .3).
Raising q. to a power z, particularly if z is near 1, results in a second order effect
compared to the approximately linear dependence of q' over this range of the data.
This second order variation seems to be easily taken up by the covariance of the
density and q., allowing essentially the same least square error.
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It should also be noted that each data point in this analysis was assigned equal
weighting. An improved analysis might take into account that the points are bunched
differently in each variable space, with weights adjusted according to inverse frequency
of incidence for the variable being entered at each stage of the regression analysis.
This would allow more influence on the results by points far from the mean in each
space, and therefore effectively larger parameter space for the regression. (However,
noise in those fewer points might tend to offset the advantage from this scheme).
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Figure 6.4.1. The quantity O, + t4/2 is plotted as a function of q,. A linear fit to
the data, Y = .434 +.133 q,, is also shown. The points in this figure are each taken
from the flattop portion of a plasma shot on either May 10, 1984 or July 19, 1984;
the data is listed in Table 6.4.1.
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Figure 6.4.2a. The residuals ej = {3,, + I4/2}j- i are plotted against each of the vari-
ables selected by the regression algorithm for the "best" model described in Section
6-.4.3.
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Figure 6.4.2b. The residuals e = {,3, + ti/2} - Ys are plotted against each of the
variables that were discarded as nonsignificant to the "best" model described in Sec-
tion 6.4.3.
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Figure 6.4.3. Two parameter spaces for variables considered in the regression analysis
are plotted above. a) Density is plotted against safety factor; shots with higher
density tended to have lower q., so the two variables are not entirely orthogonal. b)
The estimate of poloidal beta OSP is plotted against q.; because of the factor of q,
in the numerator of this expression these two variables are also somewhat covariant.
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Table 6.4.1. Data used for the Regression Analysis
Shot tI,t 2  I q, 3,+ft/2 R z V
7/19/84 50 270,310 456 3.29 0.911 .629 .005 2.20
7/19/84 52 270,310 477 3.21 0.878 .630 .005 2.07
7/19/84 53 270,310 481 3.30 0.883 .634 .005 2.12
7/19/94 56 270,310 520 3.06 0.849 .634 .004 1.85
7/19/84 57 270,310 550 2.93 0.863 .635 .004 2.15
7/19/94 61 135.152 276 5.91 1.192 .64 .003 2.00
7/19/84 63 270,310 435 3.81 0.975 .637 .002 2.10
7/19/54 64 280,310 441 3.71 0.939 .635 .002 2.20
7/19/54 65 280,310 446 3.68 0.920 .636 .002 2.13
7/19/54 66 290,310 450 3.67 0.915 .636 .001 2.10
7/19/54 67 270,310 367 4.58 0.979 .638 .001 1.92
7/19/54 68 280,310 375 4.41 0.982 .637 .001 2.12
7/19/54 69 280.310 363 4.61 1.054 .638 .000 1.90
7/19/54 70 270,300 301 5.60 1.165 .639 .001 1.80
7/19/54 71 270,300 298 5.67 1.250 .640 .001 1.97
7/19/84 55 270,310 485 3.26 0.879 .634 .005 2.00
5/10/54 35 290,323 455 3.52 0.913 .632 .001 2.03
5/10/14 36. 290,323 496 3.24 0.889 .632 .001 2.16
5/10/84 41 290,323 436 3.61 0.945 .631 .002 2.35
5/10/54 42 290,307 535 2.92 0.876 .630 .003 2.61
5/10/54 44 300,317 528 2.94 0.876 .630 .003 2.50
5/10/54 45 300,317 501 3.11 0.876 .630 .003 1.94
5/10/54 46 300,317 443 3.37 0.894 .630 .003 1.97
5/10/54 48 300,317 418 3.72 0.923 .630 .003 2.22
5/10/84 49 300,317 416 3.78 0.933 .631 .002 2.23
5/10/54 50 300,317 417 3.80 0.935 .631 .002 2.25
5/10/54 51 300,317 419 3.76 0.926 .631 .002 2.28
5/10/84 52 300,317 417 3.76 0.933 .631 .002 2.20
5/10/54 53 300,317 377 4.24 0.935 .641 .006 2.05
5/10/84 54 300,317 371 4.27 0.974 .632 .002 2.00
5/10/84 55 290,323 256 6.41 1.199 .635 .000 1.82
5/10/84 59 290,323 362 4.44 0.993 .632 .000 2.05
5/10/84 60 290,323 310 5.20 1.046 .633 .000 1.80
5/10/54 61 287,320 315 5.13 1.016 .633 .000 1.77
5/10/84 62 287.320 321 5.03 0.968 .633 .000 1.72
5/10/54 64 287,320 320 5.07 0.990 .633 .000 1.63
5/10/84 65 217,320 318 5.10 1.002 .633 .000 1.66
5/10/54 66 303,320 307 5.30 1.060 .634 .000 1.82
5/10/84 67 300,317 300 5.44 1.140 .635 .000 1.92
5/10/84 68 300,317 297 5.51 1.170 .635 .000 1.83
5/10/84 70 303,320 370 4.26 1.026 .631 .002 2.20
5/10/84 71 303,320 407 3.85 0.974 .631 .002 2.08
5/10/84 72 300,317 407 3.85 0.984 .632 .002 2.16
5/10/84 73 300,317 406 3.91 0.985 .632 .001 2.13
5/10/84 63 303,320 321 5.01 0.923 .632 -.001 1.61
7/19/54 72 260,290 247 7.06 1.421 .640 .002 2.10
7/19/54 73 270,300 240 7.33 1.475 .638 .001 2.25
7/19/54 74 160,187 199 8.44 1.552 .643 .000 2.12
7/19/54 74 283,300 183 9.00 1.894 .644 -.002 2.38
5/10/84 571 120,170 167 9.94 1.723 .641 -.001 2.34
5/10/54 571 300,317 154 9.60 1.589 .637 -.002 1.93
7/19/84 582 290,310 568 2.87 0.877 .635 .003 2.05
5/10/54 433 273,290 536 2.89 0.862 .629 .003 2.57
5/10/84 433 310.327 533 2.93 0.923 .630 .003 2.76
Notes:
'This shot was not included in the regression analysis.2This shot had an impurity injection during the time of interest.
3 This shot had an impurity injection between the two times of interest.
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6.5. RF Current Drive
Although magnetic pickup loop data is available from the shots analyzed in
this section, baseline toroidal field shots were not taken. In order to reduce the loop
data, a series of baselines was taken at a subsequent date. The overall result of
this operation is that the DC level of some of the loop signals may be incorrect by
up to 10 % of the peak values of those signals. (Typical baseline data is shown in
Figure 6.1.1, with the largest contributions being to channels 8-11.) Therefore signals
described below may have some relatively constant error during the current flattop,
with error increasing close to the beginning and end of the shot when the poloidal field
is low. This can possibly affect the slopes of observed trends, and almost certainly
contributes an offset to the presented data; however, at any particular value of q, the
difference between the RF current drive and inductive current drive data should be
fairly accurate.
An example of a plasma shot in which the current is driven by lower hybrid
waves1 9 is illustrated in Figure 6.5.1; for comparison, a similar inductive current
drive shot is also shown, as indicated by dashed lines. In both shots the plasma
is initiated and driven inductively for approximately 65 ms. When the current in
the OH system reaches zero, the primary is either open-circuited and the current
sustained by the lower hybrid RF system, or connected to a second supply which
continues the inductive drive. Plasma current, position, soft X-ray emmission and
line-average density are included in the figure. (These signals are described in detail
at the beginning of Section 6.3.) Figure 6.5.2 shows plasma current and internal
inductance signals determined from the pickup loop measurement; again both RF
and inductive current drive shots plotted for comparison.
A summary of the differences in measured O, + Ii/2 for a number of different
plasma currents is shown in Figure 6.5.3. As in the shot illustrated in Figure 6.5.1,
p,3 + ti/2 during RF current drive is generally about 0.2 larger than for comparable
values of inductively driven plasma current. Analysis of the energy in the tail elec-
trons, those carrying the RF driven current, indicates that this increase is likely due
almost entirely to their excess kinetic energy and thus to an increase in )3, 20 .
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Figure 6.5.1. An example of a plasma shot in which the current is driven by lower hy-
brid waves is illustrated above. A similar shot with inductively driven current (dashed
lines) is shown for comparison. Plasma current, position, soft X-ray emmission, and
density interferometer signals are plotted against time; these traces are explained in
the introduction to Section 6.3.
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Figure 6.5.2. Plasma current and t,/2 - 3,. deduced from the pickup loop measure-
ment . are plotted against time for the RF current driven plasma of Figure 6.5.1. Trace
from a similar inductively driven plasma (dashed lines) are shown for comparison. See
Section 6.5 for caveats about theses signals.
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Figure 6.5.3. Ij/2+ O, is plotted against q, for a series of lower hybrid current drki II
shots; the same signal for inductively driven shots is also shown. While Section 6F
lists caveats about the absolute levels of these signals, the difference between the R V
and OH cases is probably accurate at any particular value of q.
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6.8. Example of Pellet Injection
Frozen hydrogen or deuterium pellets have been injected into Alcator plas-
mas21 . Plasma current, position, soft X-ray and neutron emission, and line-average
density signals are shown in Figure 6.6.1 for a shot with an injected pellet. (These
traces are described in detail at the beginning of Section 6.3.) Measurements indicate
that the pellet ablates within 100 piS of its injection, after which the plasma tem-
perature decreases to the extent that plasma kinetic energy remains approximately
unchanged. Following the injection, the surplus density usually decays with a time
constant of tens of milliseconds while the plasma reheats on the much faster energy
confinement time scale. The total plasma kinetic energy typically increases following
a pellet injection. The temperature profile has been observed to retain a Gaussian
shape with approximately constant width throughout this process, with its amplitude
varying in accordance with the above description of the kinetic energy".
Effects of the pellet injection are visible on each of the traces in Figure 6.6.1.
Soft X-ray and neutron signals both increased dramatically, while plasma current
dropped by about 4%. In this shot, the density just about doubled during the 100 ;4S
ablation, although this occurred too quickly for individual fringes to be visible on the
interferometer signal. The initially rapid decay of the line-averaged density following
the injection was apparently due to profile relaxation rather than loss of particles; very
peaked just after the pellet ablated, the density profile flattened somewhat, although
not to the pre-pellet level. Further, as the plasma reheated after the injection, the
poloidal 3 increased, leading to a greater expansion force of the plasma against the
vertical field. The position feedback circuit corrected for this to some degree, but
having finite gain allowed a shift in plasma position of several millimeters. For this
shot O, remained large until the current ramp-down, and so the shift remained as
well.
Signals computed from the pickup loop measurement of the magnetic fields sur-
rounding the plasma are shown in Figure 6.6.2. The plasma current, calculated from
f - d, is plotted against time, along with the measured value of O, + fi/2. fi/2,
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computed from an assumed current profile, is also shown. Since the width of the tem-
perature profile does not change, this quantity is assumed to remain approximately
constant during the course of the pellet injection and subsequent plasma reheating.
The difference of the measured A + 1 and computed t;/2 represents the estimate of
,3, shown in the next trace; this signal in turn is used to infer the net kinetic energy
in the plasma, plotted against time as the last trace in the figure. (The first three of
these signals are described in more detail in the beginning of Section 6.3.)
The total energy content of the plasma may be used to compute the plasma
energy confinement time. For the above shot, the measured loop voltage (net voltage
applied to the plasma, resistive and inductive) is shown in Figure 6.6.3; this signal has
been smoothed by use of a non-causal Gaussian lowpass filter with a half-width of 5
ms. This measurement supposedly determines V = (1 R,+d( L!**I )/dt)/I,, where
LV** is the total inductance of the plasma and vacuum region internal to the vacuum
chamber; in the cylindrical limit, L!** = poR(t;/2 + In ). In order to compute
the ohmic power input to the plasma, inductive contributions to this signal must be
subtracted to leave the resistive componenent of the voltage. Results of this operation
using the value of t4/2 computed from the model profiles (described in Section 6.4.1)
are shown in Figure 6.6.3. There was an increase in the voltage at the time of the
pellet injection due to the cooling of the plasma and the corresponding increase in
plasma resistivity. As the plasma reheated the voltage dropped to its value prior
to the pellet injection. Ohmic input power, Vj x I,, is shown in the next trace in
Figure 6.6.3, while the last trace is the total energy confinement time computed from
the plasma kinetic energy divided by the ohmic power.
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Figure 6.6.1. An example of frozen hydrogen pellet injection into an Alcator plasma
is shown above. Plasma current, position, soft X-ray and neutron emmission, and
density interferometer signals are plotted against time; these traces are explained in
the introduction to Section 6.3. The line-averaged density approximately doubled
at the time of the pellet injection, although this occurred too rapidly for individual
fringes to be visible in the interferometer signal.
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Figure 6.6.2. Several signals deduced from the pickup loop measurement of the fields
surrounding the plasma are plotted against time for the pellet injection shot of Figure
6.6.1. a) Plasma Current, b) ti/2 + .,, together with t/2 from model profiles, c)
O, obtained from the difference of the two signals in c, and d) total kinetic energy
content of the plasma obtained from the signal in c, are shown.
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Figure 6.6.3.. Signals necessary to compute the plasma energy confinement time
from the total kinetic energy content are illustrated for the pellet injection shot ol
Figure 6.6.1. a) Measured loop voltage, low pass filtered by convolution with a 5 111,
Gaussian. b) an estimate of the resistive component of the measured loop voltage. c I
the ohmic input power. and d) the global energy confinement time are plotted agaizst
time. At the time of the pellet injection the plasma cools adiabatically, leading to a
temporary increase in resistivity and thus loop voltage at the plasma surface: this is
visible at t -- 260 ms.
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Figure 6.7.1. An example of plasma heating by electron Landau damping using the
lower hybrid waveguide array is shown above. Plasma current, position, soft X-ray
and neutron emmission, and density interferometer signals are plotted against time:
these traces are explained in the introduction to Section 6.3.
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Figure 6.7.2. Several signals deduced from the pickup loop measurement during the
RF heating shot of Figure 6.7.1 are plotted against time. a) Plasma Current, b) Major
Radius, c) Vertical Position, d) Simulated Cos-Sad Position (for comparison to the
second trace of Figure 6.7.1), e) t,/2+3p, together with te/2 from model profiles, and
f) O, obtained from the difference of the two signals in e are shown above.
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6.7. Example of RF Heating
An example of plasma heating by electron Landau damping using the lower
hybrid waveguide array" is shown in Figure 6.7.1. Plasma current, position, soft
X-ray and neutron emission, and line-average density are shown for a typical shot
with observed RF heating. (These traces are described in detail at the beginning of
Section 6.3.)
Although magnetic pickup loop data is available from this shot, a baseline
toroidal field shot was not taken. In order to reduce the loop data, a baseline from a
different day was adjusted to match the time dependence of the toroidal field current.
The overall result of this operation is that the DC level of some of the signals may be
incorrect by up to 10 per cent of the peak values of the loop signals; typical baseline
data is shown in Figure 6.1.1, with the largest contributions being to channels 8-11.
Therefore signals described below may have a relatively constant error during the
current flattop, with error increasing close to the beginning and end of the shot when
the poloidal field is low.
Several signals computed from the pickup loop measurement of the magnetic
fields are shown in Figure 6.7.2. The plasma current, calculated from f d- dearound
the flux surface, is plotted against time, along with the position of the geometric
center of the computed flux surface. A simulation of the cosine-saddle position signal
determined from the measured fields is also shown for comparison to the true signal
in Figure 6.7.1. Finally, the measured value of O, + p1/2 is plotted against time; Ii/2,
computed from an assumed current profile during the sawtoothing portion of the
discharge, is shown on the same axes. The difference of these two signals represents
the estimate of j, shown in the last trace. (These signals are described in more detail
in the first part of Section 6.3.)
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Chapter 7. Conclusion.
The diagnostic technique of solving for the fields surrounding a tokamak
plasma by solution of Maxwell's equations in toroidal coordinates has been developed
in this thesis. The method is used to study Alcator C plasmas, and to accurately
compute such MHD quantities as the plasma position, plasma shape, and field har-
monics at the plasma surface. Due to the difficulties of convincing Alcator researchers
to provide a toroidal field baseline shot on a regular basis, this has not been imple-
mented as a daily online diagnostic at Alcator. Were baselines unnecessary, or easily
obtained, this method has the potential of providing rapid estimates of field harmon-
ics in the vicinity of the plasma; appraximation techniques developed in Chapter 2
allow similarly rapid estimates of plasma shape paAmeters such as effipticity and
triangularity. (Precise calculation of the flux surface shape is still computationally
intensive, however.)
Highly accurate polynomial approximations to the Legendre functions
PF', 1 1 (cosh/A) and Q_ 112 (coshI.) were developed to speed the computation of the
fields in this coordinate system. Approximations with relative accuracies of better
than 2 x 10- over the range 10-4 < 1 < oo and 0 5 n < 6 are presented in Appendix
IV of this thesis. Plots of the relative errors and a list of the full set of appraximations
that were developed, together with their derivation, are presented under a separate
cover2 .
A number of researchers have approximated the fields surrounding the plasma
by use of a set of filaments. In this method, currents in each filament are adjusted
so that the fields they produce match the fields actually measured by a set of pickup
loops. It is then assumed that the spatial dependence of the field produced by the
filaments approximates that of the experiment. The relation between this method and
the toroidal harraonics method is discussed in Chapter 3. In the author's experience,
filament positiins are generally somewhat arbitrary, although they are frequently
positioned about halfway between the center of the plasma and the flux surface to
be measured. Results from this chapter may be used assess the level of error that
results from a filament approximation.
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Experimental results are presented for a number of Alcator C plasmas (Chapter
6). Time variation of 3, + eI/2, of harmonics in the plasma shape, and of harmonics
in the field at the plasma surface are presented for a variety of Alcator plasma shots.
The plasma cross section is generally found to be quite circular, with deviations of no
more than a few millimeters compared to the limiter radius of 16.5 cm. At low plasma
currents the measured deviation is larger, although uncertainties in the measurement
are larger as well.
Trends for the plasma shape and for the 1st and 2d field harmonics at the
plasma surface are also presented for a number of ohmic discharges in Alcator C.
Results are shown as functions of current. First-order solution to the Grad-Shafranov
equation is shown to be inadequate to explain the measured behavior of the second
field harmonic. Although outside the scope of this thesis, work towards interpreting
2d harmonic results is currently being done at MIT".
Regression analysis of )3, + I,/2 for a series of plasma shots is also described
in Chapter 6. Results indicate that this quantity can be predicted with fairly good
accuracy by a linear model involving q., ft., the loop voltage, and Zfr. Nonlinear
regression analysis was attempted, but did not result in significant improvement of
the model. Work remains to be done to develop either a wider data base or an
improved regression algorithm (or both) before nonlinear dependence of jp + t,/2 on
the regression parameters can be fully studied.
Measurement of 3, + t4/2 for plasmas with current driven by lower hybrid RF
waves was also undertaken. While the absolute level of these results is suspect,
comparison to similar measurements of plasmas with inductively driven current is
possible. RF current driven plasmas are found to have ,3p+e,/2 about .2 greater than
the inductive case; this is almost exactly the difference in 3, arising from additional
energy in the tail electrons inferred from X-ray spectra measurements2 .
In a separate measurement, fluctuations in [, + t4/2 were observed that were
associated with sawteeth (Appendix V). The level of these fluctuations is such that
total kinetic and magnetic energy may be separately inferred to remain constant to
at least 1 part in 103 at the time of the sawtooth crash. If the plasma current profile
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is assumed to flatten to its value at the q = 1 surface (in order to stabilize the m = 1,
n = 1 mode) approximately 94% of the current that is lost must be added to the
profile outside that surface in order to be consistent with the measured equilibrium
fluctuations.
Additional measurements of sawteeth fluctuations would be helpful in determin-
ing the character of the profile changes over a wider variety of conditions than those
studied (fsT z: 430 Hz, f. r 2 x 10"m-3, and I, ; 430 kA). In particular, there was
a qualitative hint of amplitude dependence on frequency in data that were examined,
although the data at lower sawtooth frequencies was poor. One problem with this
measurement on Alcator is that at there are a number of "6-pulse" thyristor supplies
that each generates field perturbations at 360 Hz. Data taken from machines with
smaller imposed field fluctuations would be more amenable to reduction. Further,
it would be interesting to incorporate the tearing mode stability criterion into the
sawtooth current penetration model to see if the shape of the current profile could
be specified with any more accuracy than simply a chopped off Gaussian. Of course,
direct measurement of the field perturbations inside the plasma would go even farther
towards this goal.
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Appendix I. Toroidal Coordinates
Toroidal coordinates are given in terms of (IA, q, 0) as shown in Fig-
ure 1.1; IA is the cordinate radial from the axis of the torus, 17 is the angle from the
midplane of the torus, and 0 is the angle around the torus. The length scale is given
by a,, = 'R-T , where RO is the major radius of the reference toroidal surface
p = p4o, and b is its minor radius; a., is the distance from the origin to the coordinate
axis at I - oo. IA = cmatant defines the surface of a torus of major radius a.. coth I,
and minor radius a.,,cschA; 4 -+ oo is within the interior of every such surface, while
yA = 0 represents the z axis. A surface of constant q defines the top (bottom) portion
of a sphere, above (below) the midplane of the torus, of radius a,. csc , with its
center on the z axis at z = a., cot q. Every such sphere passes through the point
25
JA -* O0
For a set of pickup coils located on the perimeter of a circle, the most convenient
choice of toroidal coordinates is that for which pq overlays the pickups; for Alcator C
this locus is given by ye = cosh~1  = cosh~ 1 (.64/.194) = 1.86. The limiter (minor
radius = .165 m) only approximately defines a p = constant surface, I - 2.05, due
to the fact that the coordinate surfaces are not concentric.
A list of transformations between toroidal and cartesian coordinates is included
in Section 1.1. Section 1.2 lists transformations between toroidal and "pseudo-toroidal"
coordinates (r, 6, 0).
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Figure 1.1. Toroidal coordinates are shown above. The locus 
of the pickup coils in
Alcator C is used to define a coordinate surface m = cosh- I z 1.86. 
Once this
is chosen, the distance from the centerline to the toroidal axis is 
given by asc
'I'R-- P - 61.0 cm. The 16.5 cm plasma radius corresponds to I : 2.05, although
Fi. 1.1. Tcoordina - ta shifted from the actual location of the limiter
this coordinate surface is slightly shitdfo h cullcto ftelmtr
Similarly, a limiter radius of 12.5 cm corresponds to ys = 2.32 with an even 
greater
shift.
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1.1. Transformations between Cartesian and Toroidal Coordinates
Toroidal coordinates (p, rq, 0) as functions of cartesian coordinates (z, y, z)
(note: R2 = x2 + y2):
cosh JA =
COS 17 =
C4= x
R2 + z2 + a
(R 2 + z2 + a2 4Ra] 1/2
R2 + z2 -
(R 2 + z2 +a2) 2 - a2]1/
sinO = -y
Cartesian coordinates (z, y, z) as functions of toroidal coordinates (p, q, 0):
a., sinh M 4k
coshIA - cos q
a.c sin~h j
y = a,,-sin
cosh pA - cos 17
aec sii y
z =
cosh& - COST?
The metrics are given by
h, = h, = s
Cosh J - COO 71
ac sinh I
cosh I - cos 7
Note that h# = R.
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The unit vectors in toroidal coordinates are given in terms of (i, y, i):
1 8I =-- (zi + Yj + zi)
.1 - cosh IAcos 7?
coshIA - cosT
I 8
= (zi +y9 +zi)
. sinh A sinq
cosh A - cos 1
.1 - csh 1cos n . sinhp sin1
cosh p - Cos 1 cosh I - Cos Y
sinhp sini . .coshp cosq - I
- ysins + coshIA-Cos 71coshMy- cos q coshMy- cosT?
1 = (zi+ yj+ zi)
=-sinO + jCos
Conversely, the cartesian unit vectors are given by:
. . I - coshlcose . sinhy sinqX = JA- coe0 -  4 Cos
COSh JA - COS n COSh JA - COS YJ
.1 -coshlycoeq. 4
coshM - coo i
sinh I sin Yj
coSh J - Co6 I
Ssinh J i sin
sh s 7
-lcoshp - COST
1 - cosh y coo Y
cosh A - CO 27
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1.2. Transformation between Pseudo-Toroidal and Toroidal Coordinates
Relation to pseudo-toroidal coordinates (r, 9, 0) with major radius &:
On the surface A = pAo, a torus with major radius Ro and minor radius b,
Rocos 1 - b
coshp=, bCosa= R - bcos
R cosG+b
For a general location (r, 9, 0),
R9+2Rorcoo0+r 2 +a2
coshIA = -"
[(Rg + 2Rorcos + r+ 1- 4(Ro + rcoe9) 2
R9+2Ror coa0+r 2 _a2
[(Rg +2RorcosG+r2 a2) 2  9Ro1+rco)2
For the case a., = Ro and b = 0, when the reference surface ;L = pO is at the axis
Iyo = 00,
cosh IA-+ -, and 7 - 9,
in the neighborhood around that axis.
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Appendix II. Solutions to V x V x A = 0 in Toroidal Coordinates
The equation for the vector potential in toroidal coordinates is derived
in the first section of this appendix. In Section 11.2, solutions are derived which satisfy
this equation in the vacuum region outside the plasma. These solutions are found to
be harmonic in the angular coordinate q, and singular either near the coordinate axis
S-- oo (at the center of the torus), or near js -+ 0 (at the z-axis and as spherical
coordinate r - oo). Near an infinitesimally thin torus, these solutions approach those
found in cylindrical geometry; this is demonstrated in the third section. Finally, the
harmonic expansion of '0 = constant = 0o is derived.
11.1. Laplace's Equation for A#4
In the vacuum region surrounding the plasma, V x B = pso = 0. Since B
may be determined from B = V x A, where A is the vector potential, the differential
equation to be solved in the vacuum region is V x V x A=0.
Assuming axisymmetry in the toroidal coordinates (IA, q, O) described in Ap-
pendix I, 4 = 0 and the poloidal magnetic field is given by
Bp AB, + jB,
= 4 h#Ao - C h44
hvph# 09 h~ho 517
therefore, A0 = A#(IA, q) is the only component of X that is needed for a general B,.
The metrics h,, p , and h#, are given in Appendix I. With this functional dependence
of A, 7 - A = 0 and the equation to be solved is simply
v3 (A#$) = 0.
In cylindrical coordinates (R, O, z), the quantity on the left is easily shown to be
V 2 A# - A'/R 2 ; since the radius in cylindrical coordinates is the same as the metric
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ho in toroidal coordinates, Laplace's equation for Z is equivalently V2 A# - AO/h=
021. Expressing the Laplacian in toroidal coordinates, this becomes
1 8 8 8 8 hMA, =
h. sihp--A# + -h--A0 - 0.
siJA 5; 5;Byan sinh2A,
11.2. Solutions to Laplace's Equation
Laplace's equation for the vector potential is not separable in toroidal coor-
dinates. However, introduction of the quantity S A* - v/cosh p - cos ? allows the
resulting equation for S to be separated 2s:
1 8 aS aMS S S
-- + -- + - - = 0
This is harmonic in 77, such that S(pA, 17) = M(I),, with the equation for M(JA)
given by:
1 8 aM 2 M 1
. -sinh p - n2--M=.
siah sinh sy sinh2 4
Solutions to this equation are first order Legendre functions, of degree n - 1/2, of the
first and second kind:
r(n + 1) tanh p n + 1 n+ 2APl-i/(cos y)= 2 'w 2 3 121 taah2
2 r(n - 1) cosh n1 1 2 , F 2
-9 vr (n + 1) taah IA n + n + 2Q,_ 1 12 (coshp) = '(+ ) F( , In+1sech2,y).
t(n + 1) 2+1/2 cosh+1/ 2 , 2 2
These are plotted as functions of A in Figure II.1. For the plot, their amplitudes have
been normalized to 1 at p = 1.86, corresponding to the location of the pickup loops
in Alcator C. The functions P1_ 1/ 2(cosh A) are singular as IA -- oo, or near the axis
of the torus; the functions Q,_ 1 2 (coshp) are singular as p -+ 0, or along the z-axis
and as r -- oo in spherical coordinates.
Multiplying S by /cosh -- cos q and summing over each harmonic, the vector
potential is then given by:
A# = vcosh -- Cos {a, cos nq + b, sin n}{Cnpn-1 + dQ,1.1/2}.
163
Normalized Legendre Functions P 2(cosh p)
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Figure 11I Ia. The Legendre functions P,, / (cosh u) are shown as functions of ;A for
n = 0 - 6. Each is normalized to its value at the pickup coils, IA ZZ 1.86. The 16.5 cm
plasma radius corresponds to j4 ;z 2.05, although this coordinate surface is slightly
shifted from the actual location of the limiter. Similarly, a limiter radius of 12.5 cm
corresponds to ji =z 2.32 with an even greater shift.
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Normalized Legendre Functions Q'_ 2 (cosh )
n=O
2
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Figure Ii.1b. The Legendre functions Q'_ (cosh M) are shown as functions of M for
n = 0 - 6. Each is normalized to its value at the pickup coils, y. - 1.86. The 16.5 cm
plasma radius corresponds to 14 ; 2.05, although this coordinate surface is slightly
shifted from the actual location of the limiter. Similarly, a limiter radius of 12.5 cm
corresponds to At z 2.32 with an even greater shift.
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From the singularities, it may be seen that the PZ-12 solutions to the Laplace equa-
tion correspond to a vector potential produced by a current distribution near the axis
of the torus, for instance the plasma. Conversely, the Q- 2 3 correspond to vector
potentials from conductors external to the region of interest, such as the poloidal field
coils.
In the next section of this appendix, the limit of this solution in the vicinity
of a very thin torus is shown to approach that of Maxwell's equations in cylindrical
coordinates. This might be expected since each P,-,/ term represents the vector
potential from an (n + 1)-polar current distribution near the axis 14 -'p oo, as is
discussed in Chapter 3. However, the fact that the full expression for the vector
potential is reproduced in this limit is not as obvious.
11.3. Vector Potential in Cylindrical Limit, Near A - oo
As IA -+ oo, the vector potential for an infinite straight conductor in cylindrical
geometry may be recovered from A# given in the last section. Using approximations
to P,(z) and Qa(z), valid for z - oo 27
2" r(a +1) z' I 7- r(a +1)
P. - 2- a>--, and QO - , > -1,
v F(a + 1) ' 2'l a + (a + 1) zO+I
and the recursion relation27 M'(z) = (z 2 - 1lrm/2 4'M-(, the behavior of the
Legendre functions of interest at large values of z = cosh JA are:
2"-1/2 r(n) cosh'-' 2 1APQ-'2(coshp) 
-- r ,(n n>O
-r r (n + 3)
QI- (c2)y n > 0n 2 A 2n+1/2 (n + 1) coshf+1/ 2 IA'
With the further substitution coshy ~~ 1 for large aspect ratios (i.e. near the axis
A -+ o) the harmonic portion of the vector potential approaches that from a straight
filament of current,
A# - (a, cos nq +bm sinn7{) C. + d .
n=O nR
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When there is nonzero net current flowing along the z axis, cylindrical geometry
requires an additional logr term in the vector potential; in the toroidal analysis,
this arises from the Legendre function P±1 1 (coshA). This may be derived from the
integral definition of this function given in Appendix III, with the result that the
asymptotic behavior of P _ 1 (coshIy) is
P! 1 (cosh M) = V/ (log 4 - 2 + A) (cosh A)' 12  as ts -+ oo.Ir
In this limit yA z cosh-'(R/r) z log(2R/r), so the term (coshY)-/ 2 P 1 /2 results in
a log r dependent term in the vector potential.
The constant term in the vector potential in cylindrical coordinates is recovered
trivially from v/Wco~s Q' 1/. Thus the solution to Maxwell's equations in these
coordinates is fully recovered as the limiting case of a very thin current distribution,
at least in the neighborhood of that current distribution.
II.4. Toroidal Harmonic Expansion of ik = Constant
One solution of V x V x (4A*) = 0 is hA, = RA, = constant. This
solution does not enter into determination of the magnetic field, and so its amplitude
is arbitrary. However, inclusion of this term results in non-unique coefficients in the
harmonic expansion of the vector potential. The derivation in Chapter 4 illustrates
how to remove this non-uniqueness essentially by setting the 0 = constant part of
the solution equal to zero, without going into just what the contributions of each
coefficient are. The values of those coefficients are derived in this section.
As shown in Section 11.2 of this appendix, the vector potential in toroidal coor-
dinates for the axisymmetric case is:
A# = V/cosh A -cos x
x :(a.,, cos m7 + b,, sin m7) {cn P.-1/2(cosh 1A) + dn Qi~gcsy
n=0
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The transformation of the cylindrical coordinate R into toroidal coordinates is given
by R = a, sinh1A/(cosh1 - cosi ). Therefore, the object is to find the coefficients a,
in the series
RAO = constant = a,, sinhl& c an cosnq Q'-1/ 2 (cosh1.). (11.4.1)
coCsh A - COS 7
Starting from the integral representation of Q,,-1/ 2 (coshIy),
Qn- 1 / 2 (coshIy) = f' m--dq
v/5 ~ o EoAh - cos ?
(which is a special case of Gradshteyn and Ryzhik'" equation 8.713) the following
identity may be simply derived:
=r /ch - Q-1/2 + 2 Q - 1/2 cos nm
Multiplying both sides of this equation by /co~s A -- COS n, multiplying equation 11.4.1
by the same factor, and setting RA/a.,, = makes the two left-hand sides identical.
Setting the right-hand sides equal to each other, the resulting equation is
sinh~ a. cos nY Q- 1 2 (cosh As - cos 1) {Q- 1 2 + Qm-1/2 cosn7}.
n=O n=1
Expressions for a,, are found by matching terms in this equation, and are
cosh 1 Q- 1/ 2 (cosh p) - Q 1/2 (cosh y)
a0 = ~sinh Q1 /2 (coshAy)
2coshIA Q,,-1/ 2 (coshA) - (Qn+ 1/ 2 (cosh1s) + Qn-3/ 2 (cosh y))
sinhA Q'- 1 /2 (coshiA)
Using the identities 8.2.2, 8.5.1, and 8.5.3 given in Gradshteyn and Ryzhik' 0 and
listed in Appendix III, these coefficients are in fact found to be constants, and reduce
to:
ao = -2
at =(n 
- 1 (n+ )'
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Substitution of these coefficients into equation 11.4.1 results in the series
- sinhs f * QI- 1 / 2 (coshIA)
=2Q-1/2(Cosh__) + E ( cos nT7f7 =VcoshA -cos + (n - 2) (n + 2)
which is the toroidal harmonic expansion of RA, = ko = wamc//Z.
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Appendix III. Useful Identities, Definitions, and Formulas
Equations for and relations between various functions useful in de-
riving solutions to Maxwell's equations in toroidal coordinates are presented in this
appendix. The differential equation that arises in the separable solution for the vector
potential is given in Section 1. Solutions to this equation are Legendre functions of
the first and second kind. A number of expressions for these Legendre functions are
found in the literature, differing in both the numerical normalizations and the range
of the argument for which the they are valid. The definitions presented in Sections
2 and 3 of t 1 appendix are such that the two types of functions are defined over
the regions c aterest in solutions to Maxwell's equations, and also that both types
satisfy the same set of recursion relations listed in Section 4. Section 5 has one for-
mula, for the summation of Legendre functions; this is useful for computing Green's
function solutions for a current distribution as described in Chapter 3.
III.1. Differential Equation
The differential equation satisfied by the functions P,(z) and Q"(z) is
z 2 M_- 2z- - + V(V+1)- M =.dz2 dz 1 ~ 1-Z2
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II.2. Formulas Involving P?(z)
A definition of P;(z) is given by Gradshteyn and Ryzhik 0 8.751 #2
r(v + m + 1) (Z2 _ 1),12 -
P"(z) = r(#r~~21r/F mm+v+l|m+1lIP" () 2- m! r(v - m + 1) -F( vm v Im+112z
for IzI < 1, and m = integer
The function F(a, blcIz) is the hypergeometric function, the series expansion of which
is given by Morse and Feshbach 2s, equation 5.2.44:
F(a, bicz) = 4 z", for IzI < 1
n=O
do 1 and 4.
-- ,an n -nt [(C~+1)(C+2)---.(c+n-l)j
For solutions of interest, the argument of P,7 is z = coshy, which is everywhere
greater than unity. The hypergeometric function may be analytically continued to
this region via Morse and Feshbach 2s equation 5.3.17,
F a,ba +b+1 -z Z-4F a a+1 a+b+12 2 (2 2 2 Z2)
which results in the desired definition:
r(v + m + 1) (Z2 )O m +
P:'(Z)= F , m I+ 1|1- -)21 m! T(v - m + 1) z"- 2 2 Z2
for Izi > 1, and m = integer
An equivalent integral definition of P,7(z) is given by Gradshteyn and Ryzhik1 0 ,
equation 8.711 #2:
P7(z) =z + Vfz - Cos cos mo d.
for I arg z < , arg (z + V -Z - 1 cosO) =argz foro= .
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The n = 0 Legendre function P' 1 /2 (cosh p) is related to elliptic integrals of the first
and second kinds, K(k) and E(k), by the following identity:
1 1P1 / 2 (cosh /) = -1
Ir Vcosh A+ SiTTIE
2
P2
where k2 = 2ah
1+ tanhy
Assymptotic behavior of P- 1 /2 (cosh y) as A -+ oo is given by
-1) K(k) -
P ,l-/2 (cosh y) = {V/i r(n - 1/2) coeh ,,
- (log 4 - 2 +A) cosh-1 /2M,
ir
for 
-+ oo and n > 1,
for y - oo and n = 0.
In the opposite liUit of small p,
P,-1/ 2 (cosh;A) = (n2 _ 1) + O(P3) for I -+ 0.
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- E(k)/C2
I1.3. Formulas Involving Q%(z)
The formula for QO(z) is given directly by Gradshteyn and Ryzhik1 ", equation
8.703:
3 1 1
2 Z22vr(v+ M + 1)c*tl 2
3for Jzl > 1, andv+/p+ # -m, m=integer2
An integral definition of QO(z) is given by Gradshteyn and Ryzhik1 0 , equation 8.713 #1:
r(M + j) C ( - /2Q'V(z) = -- (Z2 -1) X
- COL foPI!e(+1/)t dt(z + cosh t)"'/ 2 f
1
for Re y > -g, Re(v+ p) > -1, jarg(zt1)j < 1r
With p = m, this definition results in an integral definition of Q'(z) similar to that
in Section 111.2 for Pm(z). If further, v is set equal to n - , y = m = 0, and
z = cosh p, the expression for QO_1/2 becomes
Q,-1/ 2 (coshp) = I1 cos n da
v/2 fo v/_coshAy- cos a'
This in turn leads to the identity
(coah y - coo )1 /2 = e" Qn-i/ 2 (cosh p) cos nn
n=O
where e, = 1 for n = 0, otherwise e,, 2.
A useful form of the integral definition of Q- 1 /2 (cosh;A) is
. (n - )(n+ ) 21
ni- /,(coshjA) = i y Vcosh I - cos q cos n di.
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*/A +,,- v+2 Ll+ p+1,v
1) F 2 2
Io (Z - cos t) J+1/2
The Fourier sum associated with this integral 
is
V/coshY - cos ?
sinhIM v>7r
00 Q'1  (coshM))-1/2 ( ch) 0 n77
n=O (n - )(n +2(
where en = 1 for n = 0, otherwise e, = 2.
Assymptotic behavior of Q 1 /2 (coshu) as A --+ oo 
is given by
--mc s(n + 3/2)
Ql-,/2(coshiy) = n"+1/2n!
In the opposite limit of small JA,
(sinh;A) Q- 1 /2 (coshM) = -1 + -
with the coefficients a, being given by
am = E Cn
i=0
wherefor n= 0 :
for ;A -+ o.
(n2 - + 2c, + 2log - + (pA)
n i 1
j=
a0o = 0
andforn>0, i=0: C=2 -
i= 1: C=-n 22-2
n n-i-I
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1 
-
cosh ,1/2 A'
i> I: CF=(1
11.4. Recurrence Relations for Legendre functions
Various recurrence relations hold for Legendre functions. Designated by
MAf(z), either P1$(z) or Qs(z) as defined in Sections 2 and 3 of this appendix satisfy
the following:
Abramowitz and Stegun27 equations number:
8.5.1 Mg+1 (z) = (z 2 _ 1)-2 {(v - )zM,(Z) - (V + A)MI 1 (z)}
d8.5.2 (z2 - ) -Mg(z) = (V + A)(v - i& + 1)V"'/Z - TM ~(Z) - 1ZM'(Z)
8.5.3 (L - j + 1)M+1 (z) = (2v + 1)zM.,(z) - (v + p) )M. 1(z)
d8.5.4 (z 2 - i) -M(z) = z.zM1g(z) - (v + p)Mg_ .. (z)
8.5.5 M.+I(z) = M'...1(z) + (2 v + 1)vz - M ~1(z)
8.6.6 MI'(Z) = (Z2 _ 1)"/2 M,(z)
Gradshteyn and Ryzhik" equation number 8.736#1:
P~"'(z) = P.(Z) - -e-l) sinsir Q,(z)
IA +y+1) ir
111.5. Summation
A final formula, useful in the summation of Legendre functions, is given by
Gradshteyn and Ryzhik 0 , equation 8.795 #2:
Q zY - VZ' _iv2 -Ti cos 0) = P.(z)Q.,(y) + 2 (-1)n P-"(z) Q"(y) cos m4
for I < z < y; v 3 -1, - 2 , ... ; a = real
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Appendix IV. Approximations to the Toroidal Harmonics
Evaluation of toroidal harmonics by direct summation of the series
expansion for the hypergeometric function is possible, though computationally time
consuming. In order to speed their computation, a set of approximations has been
developed that is valid over the range 0 < p < o. The functional form used for these
approximations is dictated by their assymptotic behavior as j4 - 00 together with
their behavior near A -, 0; it is similar to that used by Hastings in his approximations
to the elliptic integrals K and E 28 .
This appendix lists approximations that are accurate to at least 2 x 10-7 relative
to the value of the function. The derivation of these approximations, together with
the full set that was developed and plots of the relative errors for each, is presented
24under a separate cover
IV.1. Approximations to P,- 1/2 (coshp)
Approximations to PI-1 /2 (cosh I) for n = 0, 1, and 2 are given by
P.* = N, (ao + aiz + a 2Z 2 + a3 zX + a4 X4 )+
+(bo+biz+ 2 2 +b3 X+b 4 X4)uz]
with z = e-2, and Nn = ( -
n = 0; Peak Relative Error = 2.91 x 10-*
ao = -0.61370563888010937 bo = -0.50000000000000000
a1 = 0.59658519488816578 b, = -0.12499785953630699
a 2 = 0.01410870772114893 2 = -0.00771237059592766
a3 = 0.00262303189171999 b3 = -0.00141402370455686
a 4 = 0.00038870437907468 N = -0.00010226968513078
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Peak Relative Error = 1.23 x 10-'
1.00000000000000000
-1.32940346404233611
0.30790128581388143
0.01912510722944853
0.00237707099900617
bo
b,
b2
b3
b4
= 0.00000000000000000
= 0.75000661003987845
= -0.09335488334636968
= -0.00930914892300754
= -0.00062529104029817
n= 1;
ao
al
a2
a3
a4
n=2;
ao
a,
a2
a3
a4
1.00000000000000000
-1.24983425049876898
-0.12257245977527165
0.35532732408150240
0.01707938619253820
bo
61
62
b3
Ne
0.00000000000000000
0.00002822161323613
0.47058659329283160
-0.10561479254983950
-0.00432036932157596
For n = 3 and 4, the approximations to P,1 1/2 (coshp) are given by
P&*= N,, cosh-1/ 2 p (aO +a 1z +a 2z 2 + a3 Z3 +a 4Z)+
+ (bxz + 6z2 + b3 z 3 + b4 Z4) Inz
with z = 1 - tanhIp, and Nn= (n -1!
Peak Relative Error = 1.19 x 10-
= 1.000000000000000
= -1.187952237133550
= 0.302305025325207
= -0.117151969019563
= 0.002799180827906
b, = -0.000076585175766
62 = -0.005019437895781
b3 = 0.021529301307634
b = -0.003970010557895
Peak Relative Error = 1.03 x 10-?
= 1.000000000000000
= -1.624683322918256
= 0.925091521079852
= -0.264558021489821
= -0.035850176671775
b, = 0.000055363077883
6 = 0.002864812725363
b3 = 0.009199212038030
b4 = 0.016102087159833
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Peak Relative Error = 4.57 x 10-
n = 3;
ao
a,
a2
a3
a4
n =4;
ao
a,
a2
a3
a4
For n = 5 and 6, the approximations to P$_ /,(cosh s) are given by
p"* = Nn cosh,-1/ 2 M [ (ao z a+ 2z 2 + a3 zX + a4 4 + asz 5 )+
+ (b1z + b2z2 + b3 z3 + b4X 4 +b5 z5 ) In I
with z = 1 - tanh 1, and Nn = ( -
Peak Relative Error = 4.90 x 10-9
1.000000000000000
-2.093794116689689
1.705587674742494
-0.709483882692027
0.099493295684059
-0.001802971044838
b, = -0.000006628298482
b2 = -0.000940839177930
bs = -0.012786087983951
b4 = -0.030133605378040
bs = -0.003826335521243
Peak Relative Error = 1.48 x 10-8
1.000000000000000
-2.574877144715508
2.740299352812521
-1.473981735735666
0.426500741519116
-0.117941213880463
b, = 0.000018661661637
b2 = 0.002454947931291
b3 = 0.030060937946438
b4 = 0.055874474063492
bs = 0.006144098337009
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n = 5;
ao
a,
a2
a3
a4
as
n = 6;
ao
a,
a-2
a3
a4
as
IV.2. Approximations to QI_1 2 (coshp)
Approximations to Qi 1 2 (cosh p) for n = 1 and 2 are given by
sh- c[ (ao + a2 Z2 + a3 z3 + a4Z4 + aszx)+
siahiA cosh y'2i
+ (bZ2 + bz 3 + b4 X4 + bsz)In x
with x = 1 - e-2", and N, = -,' r(ft+3/2)
n = 1; Peak Relative Error = 1.50 x 10-7
= 1.200421754876141
= -0.068190189118991
= -0.038032912613493
= -0.108508394112938
= 0.014309740969281
b2 = 0.112539539519638
b3 = 0.106143653107053
b4 = 0.033602108620482
b5 = -0.014310039551116
Peak Relative Error = 1.43 x 10-7
= 1.920674807801826
= -0.185394986489085
= 0.174214108910371
= -0.521546046465109
= -0.387947883758003
b = 0.900316316157106
63 = 0.879893594599449
64 = 0.714998841698949
b5 = 0.128871920019061
For n = 3 through 6, the approximations to Q'_ 1 2 (coshis) are given by
Q* =( +Na.: +X3 z 4 + asx5 + aszo)+
sinhp cosh"-2 [ (o +a 2 2 +
+ (b2 z 2 + b3zX + b4 z 4 + b2 5 + be z*) la
with :=1-e- 2 , and N, = ~ ,
n = 3: Peak Relative Error = 1.38 x 10'
3.292585384803131
0.287352986794639
1.985557963465428
-0.300809254067363
-3.243380255421183
-1.021306825574652
b = 3.601265264628424
b3 = 3.581154544103700
b4 = 4.695747517699175
bs = 2.666686530556666
bi = 0.284247091207232
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ao
a2
as
a4
as
ao
a2
a3
a4
as
ao
a2
a3
a4
as
as
Peak Relative Error = 3.50 x 10-8
5.853485128538899
3.480429301478592
8.799539396920812
-0.442663285956600
-12.491217680165180
-4.199572860816523
b2
b3
54
11.524048846810958
11.436970742640360
18.092228517308290
10.672092303192740
1.189365744170567
n = 4;
ao
a2
a3
a 4
a5
as
n =5;
ao
a2
a3
a4
as
as
n = 6;
ao
a2
a3
a4
a5
a6
10.642700233707090
15.930602599970358
30.634437292160800
-0.590800020967027
-41.575529036790410
-14.041411068080810
b2
b3
b4
= 32.925853848031308
= 32.577949710854710
= 61.487506309489400
= 35.685050391277940
= 3.923445497077095
Peak Relative Error = 1.73 x 10-7
19.648061969920780
55.989649537565295
93.761662013532309
3.090234388678536
-125.743425294776699
-45.746182614920220
b2 = 87.802276928083488
b3 = 86.585523750896551
b4 = 194.550038852518700
bs = 110.528166593172701
be = 12.995875053266850
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Peak Relative Error = 8.46 x 10-"
Appendix V. Measurement of Sawteeth on A = Op + 1 /2 - 1
The heuristic model of the sawtooth instability involves a gradual
peaking of the plasma current and temperature profiles, then a sudden flattening at
the sawtooth "crash". The peaking is brought about as the central portion of the
discharge heats and its conductivity increases, allowing more current to flow in this
region; increased ohmic heating in turn causes the central temperature to rise. The
peak value of the current is limited by MHD stability properties of a flux surface
with q < 1; as q on axis falls below 1, a local m = 1, n = 1 instability is observed to
develop 2 . This instability is believed to ultimately result in rapid flattening of the
temperature profile due to diffusion of the central heat content to the cooler portion
of the discharge outside the q = 1 surface3 0 . Accompanying the temperature collapse,
the central current density is also believed to flatten, with the excess current being
dissipated as heat3 l. According to this explanation, the MHD mode is then stabilized
as q increases to > 1 everywhere. These changes in profiles represent potential changes
in f/2 and ,3, and along with an observed change in plasma current, correspond to
small fluctuations in the plasma equilibrium. The magnetic fields surrounding the
plasma should reflect the variation of its equilibrium, allowing the fluctuations in A
to be measured.
In the traditional model of the sawtooth time behavior, the resistivity profile
is determined using Spitzer's formula and the experimentally observed temperature
profile. The central temperature of the plasma changes by 10-20% during the course
of a sawtooth period"; assuming the resistivity varies as T 3/2 , and that all excess
current within the q = 1 surface is dissipated, the computed change in central current
density due to resistive field penetration should be approximately 1%. This represents
either a change in the internal inductance ti/2, or a change in total current of the same
order of magnitude. However, measurements of poloidal field fluctuations correlated
with sawteeth (and thus associated with changes in the equilibrium) are found to
be of the order of 1 part in 104. The comparatively large AnT on axis implies
changes in the central kinetic energy density of about 15-30%; indicating that to a
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very good approximation kinetic en. -y is conserved globally. In addition, internal
magnetic energy must also be consa ved to a similar degree. The last section of
this appendix presents numerical solutions of the current diffusion equation, with
comparisons between expected measurements for different forms of perturbation to
the current profile.
In order to observe the small field fluctuations associated with sawteeth in the
presence of noise due to power supply ripple, averages must be taken over many
individual events. Poloidal field fluctuations due to the ripple are typically on the
order of 10 Gauss, with the observed correlated signal about 20 times less; therefore,
analysis of greater than 1000 sawteeth is required to achieve statistical significance.
Since the duration of a typical plasma flat-top allows only 20 to 30 sawteeth they must
be culled from a number of shots. Figure V.lshows a representative discharge and
indicates the portion that was used in the analysis. Two general schemes have been
developed to do the average over the sawteeth. The first, described in Section V.2.1,
determines whether any component of the magnetic field signal is correlated with
the sawteeth observed on the X-ray signal. The second method, described in Section
V.2.2, involves stretching or shrinking the period of each sawtooth so that it fits
precisely into a set time frame, and then taking the average value of the magnetic data
at 16 points during this canonical period. The latter method is useful for determining
the actual shape of an average fluctuation as measured by the magnetic pickup loops.
V.1. Determination of Sawteeth Times
Sawteeth are detected via the central soft X-ray measurement. The soft X-ray
signal, from the flat-top portion of a typical plasma shot, is shown in Figure V.1.1.
The detector signal is recorded as illustrated, and then passed through a digital filter
to achieve an idealized sawtooth signal, also shown. The latter signal, consisting of
constant amplitude sawteeth whose periods match those of the soft X-ray sawteeth,
is derived by numerically correlating the X-ray data with a single sawtooth envelope.
For this correlation, the period of the envelope is adaptively modified according to the
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Figure V.I. A representative plasma shot is shown above, with the portion that
was used in the analysis indicated by the shaded area. Traces representing radial
plasma position, plasma current, central soft X-ray emission. line average density
(.56 x 10 20 m3 /fringe), and electron cyclotron emission are included.
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Figure V.I.1. A typical soft X-ray signal from the -flattop' period of the discharge
is shown. Sawteeth on the X-ray signal are processed to obtain sawtooth times and
an idealized sawtooth signal, which is also shown. The latter is used for correlation
with the magnetic pickup loop data.
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period of the previous sawtooth; as the envelope signal is moved along the data, peaks
in value of the resulting correlation integral represent sawtooth event times. This
method has a failure rate of 1-2% for typical signal and noise amplitudes. A "sawtooth
editor" has also been developed that allows visual inspection of the detected sawteeth
and any necessary corrections to their periods as judged from X-ray data. This
corrected signal is used as the "idealized" sawtooth data for the following analysis.
V.2. Detection of Fluctuations in the Poloidal Field
Plasma current (the zeroth moment of the magnetic field) is measured by a Ro-
gowski loop located around a minor circumference of the vacuum chamber. The first
moments of the B,. and B@ components of the poloidal field are measured using simi-
larly located saddle and cos 6 pickup coils. This arrangement, shown in Figure V.2.1,
has been described previously". Fluxes measured by these loops are
ICO = viN 1-- X + - (n - +(1+ -)(A + )irb i 2R a i 2)
i.SOp ~ +(1(V.2.1)
(P,.a = -2t/OP[ In b + (1 - G2)(A + - )] .S 3 R- a 9 2
In these equations z: 0 = plasma position, b = .194 m = minor radius of coil
form, a = .165 m = plasma minor radius, and R = .64 m = plasma major radius.
The quantities t = .0254 m and Na = .065 m are pickup coil dimensions. The 4
signals produced by these coils are passed through a bandpass filter circuit, designed
to behave as an integrator at typical sawteeth frequencies but to eliminate the low-
frequency components of the signals. The transfer function of this circuit is
H(s) = Ho s X 5Oms(1 + a x 5Oms)(1 +s x .lms)
The time constant for poloidal field penetration through the stainless steel bellows
that forms the vacuum chamber has been measured to be less than .2 ms". Since the
185
Cos a coil
Saddle co-.
(on edges, crosses at center)
Figure V.2.1. The first moments of the B, and Be components of the poloidal field
are measured using "saddle" and "cos 8" pickup loops. The saddle coil is wound on
the edges of the coil form, crossing over at the center, while the cos 9 coil is wound
around the form. When the form is attached to the vacuum chamber, the cosa coil
occupies the region in poloidal angle -! < 9 < M and ' < < 11; both coils are
sensitive to net vertical field in the region of the vacuum chamber.
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elk
shortest sawtooth period used in this analysis is appraximately 2.1 ms, penetration
delays through the vacuum chamber are negligible.
V.2.1. Real-Time Correlation of Magnetic Data with Soft X-Ray
Sawteeth
Correlation integrals using the idealized soft X-ray signal times the magnetic
pickup data were performed for varying time delays. Integrals are performed for each
plasma shot, then combined for all shots of interest either in quadrature or as a simple
average of all integrals. (The two methods give almost identical results.) Figure V.2.2
shows these correlation coefficients as functions of time delay. Coefficients are shown
for the plasma current, coo 9, and saddle signals; there are clear correlations in the
first two cases. The latter signal is somewhat noisier, but there is still a suggestion
of the behavior of the others. Peaks occur every 2.3 mS, the average sawtooth period
for these shots, while their amplitude tends to decay as the time delay is increased.
Note that, since the correlation is done in the presence of periodic rather than
random noise, the magnitude of the correlation coefficient is indicative of the signal
level relative to the RMS noise level; comparison to unity is not a valid criterion for
correlation quality. This may be seen by considering a sinusoidal signal with frequency
w, and amplitude e, in the presence of noise of amplitude AN and a different frequency
w2: the (zero-delay) correlation coefficient is given by:
C(O) f (cosw 1t)(ecoswit + AN cosw2t) dt[f (cos wjt)2 dt] 112 [f (e cos wIt + ANcoSw 2 t)2 dt)/ 2
with the result that C(O) = elAN.
For comparison to the magnetic data, the result of the same method of analysis
as applied to the soft X-ray data itself is also shown in Figure V.2.2. This is almost an
autocorrelation, being the correlation of the noisy soft X-ray data with the digitally
filtered X-ray sawteeth. In this case, however, the signal is larger than the noise so
the magnitude of the correlation coefficient is much closer to one.
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Figure V.2.2, The correlation integrals of the idealized soft X-ray sawtooth signal
with the magnetic pickup data are plotted against correlation time delay. Integrals
were calculated for each plasma shot, then combined for all shots of interest either
in quadrature or as a simple average of all integrals. (The two methods give almost
identical results.) The average sawtooth period was 2.3 milliseconds. The traces
shown are: a) Cos 6 Signal Correlated with Ideal Sawtooth Signal; b) Rogowski
Signal Correlated with Ideal Sawtooth Signal; c) Saddle Signal Correlated with Ideal
Sawtooth Signal; d) Soft X-ray Signal Correlated with Ideal Sawtooth Signal (shown
for comparison to the magnetic data).
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A second method of real-time analysis is to perform a straightforward average
of the pickup loop data. Crashes of the sawteeth as detected in the soft X-ray
ermission signal are used to align each sawtooth at r=0; the adjacent 4-10 mS of
magnetic loop data, sampled at 5 kHz, is then summed into an accumulated set of
data points. Thus, near r=0, the variation of the summed signal may be interpreted
as the average variation of the loop data near the time of the sawtooth crash. As
Irl increases, however, individual variations of sawtooth periods cause their crashes
to become unaligned, so that the observed signal becomes somewhat washed out.
Results of this analysis are shown in Figure V.2.3 for the plasma current, coo 6, and
saddle data. Again, the same technique as applied to the actual soft X-ray data is
shown for comparison.
V.2.2. "Stretched-Time" Average of the Magnetic Data
The second general method developed to average over many sawteeth in-
volves slightly stretching or compressing each sawtooth in time so that it fits into
a canonical sawtooth period. Figure V.2.4 shows the results of this operation: X-
ray sawteeth from a single shot are overlayed after their lengths have been adjusted.
The overall average is computed by dividing this period into 16 bins, also shown,
and adding the nearest digitization sample of the loop data for a given sawtooth to
each bin. In this fashion, the average time behavior of the magnetic data may be
determined during the period of one (canonical) sawtooth.
Results of this averaging procedure are shown in Figure V.2.5; the bins are
indicated, along with the ideal soft X-ray sawtooth for this time period. Error bars
shown on the magnetic data represent the standard deviation due to the statistics. A
horizontal error bar on the time of the sawtooth crash is not shown, but is about 1.5
bins wide and is due primarily to discrete sampling of the data causing indeterminacy
of the actual crash time. Consistent with the relative amplitudes of the correlation
coefficients discussed previously, the cos 0 signal most clearly shows evidence of a
sawtooth. The plasma current also exhibits periodic behavior, although this signal is
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Figure V.2.3. Magnetic loop data shown above was determined by averaging =i10 ms
of data on either side of each sawtooth crash. The centers of each (overlapping) 20 ms
segment were aligned using the sawteeth crashes on the soft X-ray data. Near r =0.
the variation of the summed signal may be interpreted as the average variation of the
loop data near the time of the sawtooth crash. The signals are a) Cos 0 pickup loop
data; b) Rogowski pickup loop data (plasma current); c) Saddle pickup loop data: d)
For comparison to the magnetic data, the result of the same method of analysis as
applied to the soft X-ray data itself is also shown.
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Figure V.2.4. shows all the soft X-ray sawteeth that were used from one shot; time
has been slightly stretched or compressed so that each sawtooth fits into the same
canonical sawtooth period.
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Figure V.2.5. The results of slightly stretching or compressing each sawtooth in
time so that it fits into a canonical sawtooth period, then averaging each stretched
sawtooth together are shown above. The nearest value of the magnetic signals are
added to each of the indicated "bins", to obtain their average time behavior over the
course of one (canonical) sawtooth period. Signals plotted include a) Cos 9 pickup
loop data; b) Rogowski pickup loop data (plasma current); c) Saddle pickup loop
data; d) For comparison to the magnetic data, the result of the same method of
analysis as applied to the soft X-ray data itself is also shown.
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smaller than the former. Data from the saddle coil data is dominated by noise and
apparently random.
V.3. Fluctuations in A and Major Radius
The theoretical variation of the fluxes from the pickup loops may be computed
for perturbations to the equilibrium quantities AR, Al, and AA. Normalizing the
lengths in equation V.2.1 to radius of the pickup coil form b and the currents to
1 Ampere, and including the appropriate integrator time constants, the following
dimensionless flux signals may be defied:
C = rrcoab and S =_ __ _ __
* 3dNa po(lAmpere)' dot(Ampere)
The computed variations of these signals are
AC Al [ b ( a' )
(I/1A) I b 2R a P 2
AR R b b
+ R b 2R (I-+ A)IR a
+ A-b(1+ )
-AS A [ b a"
and =) I[ 2 -l+(1- )(A+-)(I/IA) I b 2R a 52 2
+~R b~ (In '+ A - -2a(A +:1))
b ab
- AA (I - !)
for the cos 9 and saddle loops respectively. These may be inverted for AA and AR
in terms of the measured quantities AC, AS, and Al to get:
AARAC+AS _Al b
AA =- - -+as -(In - +A),b (I/1A) I a
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ARR = (b2 -a 2)AC-(b2±+a2)AS Al z b(a 2 Ib b2 -a 2
R b 2b2 (I/1A) 1 iR- - + -b 2b2 ] 1j
Terms of order b2/R 2 relative to the above have been neglected. As determined from
the approximate peak-to-peak values at the time of the crash of the edge aligned
sawteeth average data (Section V.2.1, Figure V.2.3), measured amplitudes of the
signals were
AC = -60 ± 15,
AS = +20 ± 10,
AI = -35 - 10 Amperes,
with the result that
AA = (-2.6 ± 1.2) x 10-4,
AR
--- = (-1.6 ± 1) x 10-.
R
It is of interest to note that the measured AR == 10 microns.
V.4. Separation of Ae1/2 and A(, by Energy Considerations
Changes in the sum O,+ti/2 were computed in the Section V.3. If assumptions
are made about the conservation of energy, individual changes in each of the two
quantities may also be determined. Briefly, because kinetic energy is proportional
to 2,, while magnetic energy is proportional to IPt4/2, setting the sum of their
changes equal to a given change in the total energy results in an equation in which A6,
appears separately from AA; this may be seen in detail from the following analysis.
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Plasma kinetic energy is given by lnK(T, + T) integrated over the volume; in
terms of 3, this is
Ek, = p P, x Volume = po RI 2
2 2pAO8
Internal stored magnetic energy is given by
E i', = 1 LjI2 = 1 Jso R 4 2,May 2 2 2
and external stored magnetic energy by
E - - I 2
2 2 a
Therefore, the total energy of the plasma may be expressed as Ett = 2oRPE, with
the dimensionless energy term C = 1,3, + - +In !f -2. The change in plasma energy
during a sawtooth crash, aEtt, is then
1 1AEt,, = I AORI 2 AC + gORI al C + k o aR 12e.
2
If toroidal flux is assumed to be conserved, changes in minor radius can be computed
from the relation a2 /R = constant. Rearranging terms, the resulting variation of the
total plasma energy is
__E__,_ __AR Al 3 . V41
- At = - -R(C + -) + 2-F + 3-AO, + A- . (VA4.1)
pol2R/2 R 2 I 4 2
For the data described in Section V.2, C z 2.3, I ; 500 kA, and R : .64 m.
Using these values, A3, and At;/2 are plotted in Figure V.4.1 as functions of AEt,,.
Also shown are the inferred changes in kinetic and magnetic energies. From this
analysis it may be seen that total energy is unlikely to be conserved at the saw-
tooth crash, as it requires a decrease in kinetic energy with an associated increase
in magnetic. Not only is this unlikely from an entropic standpoint, but the current
profile is generally thought to flatten due to the fact that the MHD instability is
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Figure V.4.1. a) Changes in internal magnetic energy A~E , external magnetic
energy AEfgI, and kinetic energy AEk1 , at the time of the sawtooth crash, are
plotted as functions of iAEt0 , according to equation V.4.1. b) A3, and M,4/2 are
plotted as functions of AEt0 e according to equation V.4.1, for the measured values
of AA and AR described in Section V.3.
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quenched, corresponding to lowered internal inductance, or a decrease in internal
magnetic energy.
If all kinetic energy lost by the plasma as a result of a sawtooth crash is assumed
to appear isotropically in the edge plasma region, an upper limit on the change in
kinetic energy may be established. Langmuir probes have been used to measure fluc-
tuations in the kinetic energy at a large number of poloidal locations in this region3 2 ;
their amplitude represents no more than 5 Joules change in the total energy of the
edge plasma under the above assumption of isotropicity. Additionally, the fluctua-
tions are apparently random in nature, and uncorrelated with soft X-ray sawteeth.
If this level is taken as a bound on the change in the plasma kinetic energy during
a sawtooth crash, the associated changes in total plasma energy as well as magnetic
energy may be deduced. By examination of Figure V.4.1,
AEtt = -65 ± 13 Joules,
AE*"*, = -20 ± 6 Joules, and
AEyn, =- -45 ± 14 Joules.
The corresponding change in 3, is approximately (1 ± 6) x 10-", and in ei/2 approx-
imately (-3.5 ± 6) x 10-4.
V.5. Current Diffusion in the Presence of Sawteeth.
Effects of sawteeth on the current profile may be modelled by solving the cur-
rent diffusion equation in the presence of time-varying conductivity. Assumptions
about time variation of the current profile may be tested against the measured quan-
tities Al and Ai,/2. In the traditional explanation of a sawtooth (for instance, that
presented by Kadomstev3 1 ), the current profile is allowed to slowly peak within the
q = 1 surface until the internal kink mode grows unstable. The central portion of
the plasma column is then thrust outwards until the force of the kink is countered
by a bunching of field lines in a narrow region outside the q = I surface; this field
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line bunching represents a large current density that then resistivel, :ays. As this
occurs, central field lines reconnect, surrounding a region of plasm r which q z- 1
everywhere. According to this model, just after the sawtooth crash the flux ?k is
assumed to vary linearly with r within the initial q = 1 radius. This corresponds
to uniform current density in this region; more than 90% ofIhe field energy that is
lost in the transition from a peaked to a flattened current profile is assumed to be
dissipated as heat.
V.5.1. Model of the Sawtooth Activity
A simple model of sawtooth activity may be constructed if the dynamics of
the actual sawtooth crash are ignored, and plasma resistivity is assumed to vary with
temperature according to Spitzer's formula, 17 cc T- 3/2 . Temperature perturbations
during sawteeth have been measured30 ; just before the sawtooth crash, temperature
as a function of radius is well represented by a Gaussian. Just after the crash, the pro-
file is observed to decrease within some "inversion radius" and increase just outside,
the net result being a flattening of the profile that conserves heat. A temperature
profile consistent with these observations is shown in Figure V.5.1, just prior to and
just after the sawtooth crash. For modelling purposes, T(r, t) is assumed to vary
linearly with time between the two functions, with the radius of the q = 1 surface
assumed to be identically the temperature inversion radius.
With rq(r, t) given, the current diffusion equation may be solved to determine
the evolution of the current profile. A simple diffusion code has been developed to
solve the equation
1 1 8 8J
- - r X 17J = PO 
-
using an implicit numerical scheme. The initial condition for the current distribution
is set to be proportional to 1/7(r, ti), where ti is taken near the midpoint of a sawtooth
period. Boundary conditions are that the electric field at r = a is fixed and that
8J/&r = 0 at r = 0. (If ii(r, t) is set to a constant, the program reproduces the
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Figure V.5.1. a) The temperature profile used in the sawtooth current penetration
model is shown just before and just after a sawtooth crash. Time variation is assumed
to be linear between the two states. b) AT/T is plotted as a function of radius for
the above profile. This profile behavior is consistent with electron cyclotron emission
measurements of the temperature profile.
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analytic time evolution of a test current profile with good accuracy provided the first
derivative of the initial condition is reasonably continuous.)
At the time of each sawtooth crash, the current profile in the code may be
artificially adjusted to some function representing the effects of current dissipation
and/or redistribution during the crash. In particular, within the q = 1 surface r <
r,=1, the current density J(r, le,,ah + St) was set equal to its value at the q = 1
radius just before the crash. Various assumptions about the conservation of current
were tested by adding perturbations to J(r, te,.a+) in the region ?,x < r < ro; for
the following analysis in which current is conserved or approximately conserved, this
perturbation is
6J(r) = a (r - r,=l) 1-r -r,=I , ,a< r < ro. (..)
ro )
The constant a is adjusted to make the first derivative continuous near the singular
surface, r : r,=1, while the form of the perturbation accomplishes the same every-
where else. The parameter ro sets the extent of the perturbation, and is determined
by the desired amount of current conservation. In the-case where no attempt is made
to conserve current, the profile is simply flattened within the q = 1 surface, with the
corner at r = r,q1 being slightly rounded in order to minimize discontinuities in the
first derivative.
Table V.5.1 lists plasma parameters that were used for the model in all cases
considered below.
Table V.5.1. Plasma Parameters Used in Sawtooth Model
Minor radius, a 16.5 cm
Sawtooth Period, T.* 2.3 ms
Plasma Resistivity on Axis, ro 1 All-cm
Gaussian Width of Temperature Profile, aT 9 cm
Temperature Variation During Sawtooth, AT/T .15
200
V.5.2. Numerical Results
In the first numerical solution of the current diffusion equation, the current
was flattened according to Kadomstev's model (as described in Section V.5.1). With
this periodic perturbation to the current present, the plasma current profile was
allowed to evolve for 700 ms before the time of interest. This had the effect of allowing
any errors in the initial condition to decay to a level such that the net amount of slow
time-variation of the profile during one sawtooth was much smaller than that due to
dhe sawtooth itself. The resulting behavior of the current profile during a sawtooth
is shown in Figure V.5.2. The overall profile is shown, as well as the value of J(r, t)
near the axis with an expanded scale at .2 ms time increments. The current density
is roughly constant within the q = 1 surface, reflecting the flattening that is forced to
occur at every sawtooth crash and the fact that the current can diffuse a relatively
small amount during one sawtooth period.
In this case, when all excess current within the q = 1 surface is assumed to
be dissipated as heat, the net change in internal inductance 4I/2 is approximately
6 x 10~3 as compared to the measured value of (3.5 ± 6) x 10-4. Further, the net
normalized variation in current, al/f, is apprcximately 10-' for this model, which
is more than an order of magnitude larger than the measured value of (7 ±2) x 10-.
In a second numerical simulation of the current diffusion, 94% of the current that
was lost due to the flattening of the profile within the q = 1 radius was added to the
profile just outside that radius, using the perturbation given in equation V.5.1. Again,
the profile was allowed to evolve for 500 ms before the time of interest to allow errors
in the initial condition to decay to zero. Time variation of the current profile is shown
in Figure V.5.3, with the value of J(r,t) near the axis shown on an expanded scale at
.2 ms time increments over the course of one sawtooth. For this situation, wherein
only 6% of the excess current within the q 1 surface is lost, Al/I is approximately
-7.7x 10- and is thus entirely consistent with the measured value of (-T±2) x 10-5.
Further, the change in internal inductance is approximately -2.7 x 10~1, which is
also well within the error bars of the measurement, Wj/2 = (-3.5 ± 6) x 10-4.
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Figure V.5.2. The model current profile and its time behavior are illustrated above.
for the case where all excess current within the q = I is assumed to be lost at the time
of the sawtooth crash. Predicted changes in plasma current and internal inductance
for this scenario are more than a factor of ten larger than measured values. a)
Computed current density is plotted versus radius. b) Variation of the above current
profile, AJ(r,t) = J(r,t) - J(r, t,), is also plotted versus radius. c) The central
part of the current profile is shown on an expanded scale. Profiles in parts b and c
are plotted every .2 ms during the course of one sawtooth period.
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Figure V.5.3, The model current profile and its time behavior are illustrated above
for the scenario in which most of the plasma current is conserved. The current profile
was flattened to its value at the singular surface (r = rq,=) at time of the sawtooth
crash, but 94% of the subtracted current was added outside that radius. Predicted
changes in plasma current and internal inductance agree well with measured values.
a) Computed current density is plotted versus radius. b) Variation of the above
current profile, AJ(r,t) = J(r,t) - J(r, tc), is also plotted versus radius. c) The
central part of the current profile is shown on an expanded scale. Profiles in parts b
and c are plotted every .2 ms during the course of one sawtooth period.
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